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Abstract

In this work, we make a detailed study of the Fourier coefficients of cus-
pidal Siegel modular forms of degree 2. We derive a very general relation
between the Fourier coefficients that extends previous work in this direc-
tion by Andrianov, Kowalski-Saha-Tsimerman and others. The basis for
our relation is the dependence between values of global Bessel periods and
averages of Fourier coefficients. Consequently our relation applies also to
Bessel periods of more general automorphic forms on GSp,(A).

We use our relation to prove that cuspidal Siegel modular forms asso-
ciated to P-CAP representations (Saito-Kurokawa lifts with level) satisfy
the so-called Maass relations. This is the first result of this kind for Siegel
modular forms with respect to general congruence subgroups. Another
important corollary of our work is the existence of non-zero Fourier coeffi-
cients of the simplest form possible (often fundamental or primitive) for a
wide family of cuspidal Siegel modular forms of degree 2.

Finally, using classical methods, we are able to prove that paramodular
newforms of square-free level have infinitely many non-zero fundamental
Fourier coefficients. This result extends previous work by Saha in the full-
level case, and is especially interesting because of the paramodular con-
jecture connecting paramodular newforms of weight 2 and rational abelian

surfaces.
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Chapter 1
Introduction

This work is devoted to certain families of modular forms and their various
properties. Modular forms are one of those incredible objects that occur
almost throughout the whole of mathematics and join seemingly very dif-
ferent areas. We begin with some introductory sections. Our main results
are described in Section [L4l

1.1 Beginnings of the theory of modular forms

Let @ be a quadratic form over Z in k variables, e.g.
Q(x1,...,7%) = @xs + ... + aprs .

Some of the most natural questions one might ask about () are the following;:
For which n € N does Q(z1,...,z;) = n have a solution in Z*? What is
the minimal k& we could take? Or, more generally, what is the number of

representations of n by @),

rQ(”) = #{(xla cee ,l’k) S Zk : Q(l‘l, . ,l’k) = n}7

These kinds of questions drove Jacobi in the first half of the 19th century

to introduce the theta function

0(z) = Z Qn2, q=e"* 2 € C withImz >0,

n=—oo



as 0%(z) = 3, 5o 7r(n)q", where 7(n) := ro(n) for Q(z1,...,2p) = 27 +
.+ 22 = n. In general, one associates to @) a theta series

Oo(z)= Y, ¥ =% rg(n)

(1,0, ) EZE n20

Both 6 and ©¢ are examples of modular forms of half-integral weight. For

classical results on r¢ see for example [5], and for more detailed survey [56].

However, the term “modular form”, or “Modulform”, apparently intro-
duced by Klein, appears for the first time in the work of Hecke in 1924,
[11]. The adjective “modular” comes from modulus, one of invariants of
elliptic curves ([10]). Studies of isogenous elliptic curves and their modulus
led Eisenstein, Kronecker, Klein and other mathematicians of 19th century
to a discovery of modular curves, and from there to modular functions and

modular forms.
Modular forms are holomorphic complex valued functions defined on
the complex upper half-plane

={ze€C:Imz > 0},

that are invariant under the action of SLy(Z) or some congruence subgroup
I', and satisfy certain boundary conditions. This is enough to prove that

they admit a Fourier expansion,

One of the most fundamental cusp forms, modular forms that vanish at

cusps of SLy(Z) or T, is the modular discriminant

A(Z) _ (271')12 ZT(n)e27rinz _ (27T>12627Tiz H(l . 627rinz>24’
n=1 n=1

which is very closely related to the discriminant of an elliptic curve (cf.
[58]). It was extensively studied by Ramanujan, who noticed, among oth-
ers, that its Fourier coefficients are multiplicative. This fact was proven by
Mordell, and then generalised by Hecke. Hecke observed that the Fourier
coefficients a(f,n) of some modular forms, normalised so that a(f,1) =1,
could be interpreted as eigenvalues of certain averaging operators 7'(n) de-
fined on the space of modular forms, now called Hecke operators. The

multiplicativity of those implies multiplicativity of Fourier coefficients of



Hecke eigenforms. A bit later, when Petersson introduced an inner prod-
uct on the space of cusp forms, it became clear that this space, classified
according to two parameters: weight k and level N, possesses a basis of
eigenforms for the Hecke operators T'(n) with n coprime to the level N.
For fixed N and k such a basis is finite.

Together with development of this theory, more and more connections
with other areas of mathematics were observed. Hilbert, inspired by
Kronecker’s “Jugendtraum”, defined and explored modular forms invari-
ant under the action of the group SLy(Ok) with Ok the ring of integers of
a totally real field. Siegel went in another direction. Having been interested
in the number of representations of quadratic forms by integral quadratic

forms, i.e.

Ro(T) :=#{X € Z™": 'XQX =T},

he generalised the idea of Jacobi and introduced the Siegel upper half spacd]
H,={Z e C™":Z=27"TImZ positive definite}
and a theta series of degree n

00(Z)= > e(tr(X'QXZ)) = Ro(T)e(tr (TZ))
XeZmxn T
defined on H,,, where e(z) = €*™, and Q € 2Z™*™, T € $Z"*" are positive
semidefinite symmetric matrices with integers on the diagonal. @g) is an
example of a Siegel modular form of degree n and weight m /2. Once again,

Fourier coefficients carry important arithmetic information! For results on
R see [56].

1.2 Fourier coefficients

We will properly define Siegel modular forms in a later chapter. To motivate
our research it will be enough to know that they are holomorphic complex

valued functions on #,, that are invariant under the action of Sp,,,(Z) or

IThis space is not as artificial as it may seem. It can be thought of as a set of all period
matrices of a Riemann surface of genus n, another subject of Siegel’s interests. Because
of this, H, is also called the Siegel upper half plane of genus n, and the words “degree”
and “genus” related to the objects defined on it tend to be used interchangeably.



its congruence subgroups, and therefore admit a Fourier expansionﬂ

F(Z)= ) a(FTe(tr(TZ)),

Tt

where T' € %Z"X" positive semidefinite with an integral diagonal. Already
looking at the Fourier expansion we can see that this more general situation
is much more complicated. In the classical situation, when n = 1, Fourier
coefficients are fairly well understood. The space of modular forms has a
basis consisting of Hecke eigenforms, whose coefficients are multiplicative
and can be identified with the eigenvalues of these operators. This immedi-
ately tells us that non-zero cusp forms that are eigenfunctions of the Hecke
operators must have their first coefficient non-zero. In the case n > 1, we
also have a good notion of Hecke operators which are normal with respect
to the Petersson inner product, and so their common eigenforms constitute
a basis of Siegel modular forms. This time, however, the Fourier coeffi-
cients are much more mysterious and the knowledge on Hecke eigenvalues
cannot guarantee their understanding. This happens already in the case
of modular forms of half-integral Weigh‘rﬂ where we can only compare the
coefficients a(f, m) with m differing by a square of a prime. We face a very
similar situation when n = 2. We may vary the Fourier coefficients a(F,T)
in two ways: vertical, where the discriminant of the matrix T varies only
by a square, that is discT € d(Z")? and a fundamental discriminant d is
fixed; or horizontal, where d itself varies. The action of Hecke operators
only provides a relation between Fourier coefficients belonging to the same
vertical class. However, it is important to have an information about a
single coefficient a(f,m) or a(F,T), especially with m or discT square-
free. These Fourier coefficients carry important arithmetic information -
the square of their averages, when taken over a fixed discriminant, is pro-
portional to a central L-value. This link was first observed by Bocherer
[4], and then widely generalised - but proven in some special cases - by
Furusawa, Martin, Shalika, Gan, Gross, Prasad, Takloo-Bighash, Ryan,
Tornaria and others ([15], [16], [42], [47], [17], ...).

In this work we are occupied with the problem of characterising non-

zero Siegel modular forms of degree 2 by their Fourier coefficients. We often

2The boundary condition is implied immediately for n > 1 (Koecher’s theorem, [22]).

3In general, Hecke eigenforms of half-integral weight are not determined by their
Hecke eigenvalues (see for example [43], Example 3.4.7). However, if they belong to the
so-called Kohnen plus new space and have level 4N, where N is odd and square-free, it
suffices to know almost all Hecke eigenvalues, i.e. strong multiplicity one holds (]24]).

4



restrict ourselves to eigenfunctions of Hecke operatorsﬂ and call them in
short Hecke eigenforms. Omne can take a strictly computational point of
view and be interested in the smallest set of Fourier coefficients of F' that
asserts that F© = 0. To make this question simpler one can look at the
coefficients modulo a prime p. In this setting the bound was first given
by Sturm [59] in 1984 for modular forms of degree 1. A bound for Siegel
modular forms of degree 2 was obtained much later, in [41] and [6], and
only in 2015 Richter and Raum [44] with a completely different method
provided a bound for a general degree n. All these results, however, rely on
certain conditions that do not cover all the cases. It is worth to notice here
that when n > 1, it is not at all clear how one should order the matrices
in the Fourier expansion and which quantity should be bounded. The
aforementioned results bound the diagonal entries of all those matrices [’
Our point of view is motivated by the great importance of an infinite
subset of Fourier coefficients, fundamental Fourier coefficients, in the the-
ory of Bessel models and L-functions. These are the coefficients a(F,T)
for which the discriminant of 7" is a fundamental discriminant. Their im-
portant role manifested first in a paper of Furusawa [14], who under an
assumption of non-vanishing of such a coefficient obtained a special value
result for an L-function for GSp, x GLg; later works on this topic built on
Furusawa’s result and proved analytic and arithmetic properties of various
related L-functions (see [49] for more details). At the same time funda-
mental Fourier coefficients seem to determine Siegel modular forms. The
first result in this direction was given by Saha [51] who proved that a non-
zero cusp form invariant under the action of Sp,(Z) is indeed determined
by its fundamental Fourier coefficients. If we look at the cusp forms that
are invariant only under the action of a smaller subgroup I' of Sp,(Z), the
situation becomes much more complicated. Firstly, there are many groups
I' that might be of interest, and secondly, the case when the level N is
divisible by a square provides many obstacles. The only known results
concern Siegel congruence subgroup of Sp,(Z) of square-free level N ([52],
[49] or Theorem [5.2.2)). I obtain a similar result (Theorem for an
important class of Siegel modular forms that are invariant under the ac-
tion of the paramodular subgroup - paramodular forms; more on this in
Section 4.4l The significance of paramodular forms comes from their
connection with abelian surfaces (paramodular conjecture) via the equality

of corresponding L-functions.

4We specify these Hecke operators in later chapters.
5This is still a finite set, because det T has to be non-negative.



The non-vanishing result for fundamental Fourier coefficients of para-
modular forms mentioned above requires several ingredients for its proof,
the first of which is the existence of a non-vanishing primitive Fourier co-
efficient. This can be done using classical methods relating to the action
of Hecke operators on Fourier coefficients; however, a more natural way
to approach such problems is via the theory of Bessel models. This latter
approach relies crucially on interpreting modular forms and their Fourier
coefficients from a representation-theoretic point of view, which we describe

next.

1.3 Automorphic forms and representations

A stepping stone in the theory of modular forms was the discovery, first
by Gelfand and Fomin, that modular forms can be thought of as smooth
vectors of representations of a Lie group GG on spaces of certain holomor-
phic functions on G that are left-invariant under a discrete subgroup I' of
G - automorphic forms. Later, localising this idea to all the completions
of Q led to automorphic forms defined on the group G(A) of adelic points
of G. The right regular action of G(A) on these functions gives rise to
automorphic representations of G(A). In the case when G = GL,, all such
representations are generic, and thus admit a Whittaker model. Vectors
in this model are basically Fourier coefficients of the automorphic forms
on GL,(A). The simplicity and uniqueness of this model is extremely
useful for studying cuspidal automorphic forms on GL,(A). Their space
decomposes into a direct sum of vector spaces of irreducible automorphic
representations. The celebrated multiplicity one result for GL,,(A) states
that each such representation occurs at most onceﬂ Moreover, two cusp-
idal automorphic representations of GL,(A) are isomorphic if their local
components are isomorphic for all but a finite number of places[]

In the case when G = GSp,,,, the representations at the infinite place
associated to holomorphic Siegel modular forms are not generic, and there-
fore a Whittaker model does not exist. A good substitute in the case n = 2
is a Bessel model ([36]). Such a model always exists (|26]) and, as we shall
see in Section values of its vectors, Bessel periods, are also related

to Fourier coefficients. Curiously, if we focus on representations coming

6This statement was proven by Jacquet, Langlands [20] for n = 2 and independently
by Piatetski-Shapiro [32] and Shalika [57] for n > 2.

"The last statement is known as strong multiplicity one theorem, proven by Piatetski-
Shapiro [32] and Jacquet, Shalika [21].



from Siegel modular forms of degree 2, the existence of a non-zero fun-
damental Fourier coefficient implies that multiplicity one for GSp, follows
from Bocherer’s conjecture (cf. [48]). In this setting the multiplicity one
conjecture may be stated in terms of Hecke eigenvalues, i.e. if two Hecke
eigenforms have the same eigenvalues for the operators T'(p) and T'(p?) for
all primes p, then they must be proportional.

This is only one of the instances when switching between a represen-
tation theoretic structure and a classical language gives an insight into a
classical theory. Another important example of this interplay is the cele-
brated modularity theorem, which provides a relation - via the equality of
L-functions - between Hecke eigenvalues of certain modular forms and the
number of points on suitable elliptic curves over finite fields. This may be
also viewed as a special case of the Langlands functoriality conjecture.

Our work provides many other examples when using the representation
theoretic structure of number theoretic objects and switching between these

two worlds turned out to be very beneficial.

1.4 Main results

Henceforth we focus on Siegel cusp forms F' of degree 2 (n = 2). One
of the main aims of this thesis was to assure the existence of non-zero
Fourier coefficients a(F,T) with discriminant of 7" simplest possible for a
wide family of Siegel modular forms of degree 2. In order to do that, we
chose to work with Siegel modular forms that are invariant under the action

of the group

7 NZ 7 Z
Z 7 7 Z

To(Ny, Na) := Sp,(Z) N . Ny|N.

0( 1 2) p4< ) NQZ NQZ 7 7 1‘ 2
NoZ NoZ NZ 7

This includes paramodular forms and Siegel modular forms invariant under
the action of the Siegel or Borel congruence subgroups of Sp,(Z). Looking
at this invariance property, it is easy to see that the Fourier coefficients of

such a form F satisfy the equality
a(F,T) = a(F,'ATA)  for all A<cT°N,).

If 7" = ‘AT A for some A € T°(N;), we say that the matrices T,T" (or

the corresponding Fourier coefficients) are T'°(V)-equivalent; we introduce

7



the set H(dM?, L;T°(Ny)) consisting of all T°(N;)-equivalence classes of
matrices T" whose discriminant is equal to dM?L?, T'/L is a primitive ma-
trix (such L is called a content of T') and d is a (negative) fundamental
discriminant. Equivalently,

H(dM?, L;T°(\y)) = {( Yo~

a b/2\ a,bce€Z, ged(a,b,c)=1L,
b/2 ¢ | v — dac = dM?L?

where T' ~ T means that there exists A € T°(N;) such that 77 = AT A.

It is known ([35]) that if N; = 1, the elements of H(dM?, L;T°(1)) are
in a bijective correspondence with the elements of a ray class group Cl;(M)
of Q(v/d) (Cly(1) is simply the ideal class group of Q(v/d)). If Ny > 1, the
ray class group Clg(M Ny) is in general smaller than H(dM?, L; T(Ny)) (cf.
Chapter . In any case, the set of I'°(IV})-equivalence classes of Fourier
coefficients is finite.

Hence, it would be useful if we could provide a relation between Fourier
coefficients a(F,T") that are supported on the representatives of the sets
H(dM? L;T°(Ny)) and H(dM"™, L';T°(Ny)), where M'|M, L'|L are small-
est possible (ideally M’ = L' = 1). This is the subject of Sections [4.2] [4.3|

We describe a simple case now.

1.4.1 Relations among Fourier coefficients

Our main result on this topic may be simplified to the following form:

Theorem. Let F' be a cuspidal Siegel modular form of degree 2, level
LCo(Ny, No) and weight k. Suppose that F is an eigenform of the local Hecke
algebra at all primes pt No. Let d be a negative fundamental discriminant
and let L, M, L', M be positive integers such that

LIL, M'|M,  (L,N3®) = (L', N5*), (M, N5®) = (M’, N5*)

(cf. Section . Assume moreover that (‘l%) = —1 for all primes p|N;.

Then for all characters A of H(dM"™ L', T°(Ny)) = Cly(M'Ny),

ICL(M'NY)| ( L'M'\* - B
|Cld(MN1)| M >, ATMaE DB, M)
d 1 TEeH (dM?,L;T0(Ny))

_ 3 AT )a(F, T")B(L, M), (x)

T'eH(dM’2,L/;TO(Ny))
where the completely explicit function B (depending on A and the Hecke

8



eigenvalues of F') can be found using Sugano’s Theorem .

Remark. In the above theorem we implicitly use the fact that there is
a natural surjective map from H(dM?, L;T°(Ny)) to H(dM'™, L';T°(Ny))
whenever M'|M.

Remark. The condition (%) = —1 ensures that H(dM? L;T°(N;)) has
a natural group structure. We actually prove a more general result without
this assumption. Then the sum runs over a subset H;(dM?, L;T°(Ny))
of H(dM?,L;T°(N;)) that possesses a group structure; more on this in
Chapter

Remark. In fact, we obtain much more general result (Theorem or
Corollary that is applicable to arbitrary automorphic forms on
GSp,(A) (right invariant under I, or Iy, n,) and does not require the
conditions (L, N5°) = (L', N5°), (M, N5°) = (M’', N5°). However, Theorem
includes ramified terms which have been explicitly computed only in
certain cases, and that forces us to put additional assumptions. The main
issue is non-vanishing of certain values of vectors in local Bessel models at
primes p|Ns.

This theorem improves the relation obtained by Andrianov [2] and
Kowalski, Saha, Tsimerman [25] to Siegel modular forms that are invariant
under T'o(Ny, No) with Ny > 1. The last assumption on dM? may be omit-
ted, but then the sum runs over a proper subset of H(dM?, L;T°(Ny)) (cf.
Section , and therefore does not include all the coefficients with given
content and discriminant. Our more general Theorem includes the
information at ramified places and is the first result of this type written
down.

The key ingredients to prove this theorem are

e the fact that certain values of global Bessel periods may be expressed
in terms of averages of Fourier coefficients of suitable automorphic

forms,

e a relation (4.4]) between local and global Bessel functionals.

We carry out the necessary calculations in Sections [£.2] [£.3] Stating the
equality (4.4]) outside a finite set of places gives us more flexibility in for-

mulating our results.

1.4.2 Non-vanishing of ‘simple’ Fourier coefficients

The theorem presented above allows us to deduce a lot of information on

Fourier coefficients. In particular, we may assure the existence of a ‘simple’



Fourier coeflicient.

Theorem. Let F' be a non-zero cuspidal Siegel modular form of degree 2,
level To(Ny, No) and weight k. Assume that F is an eigenform of the local
Hecke algebra at all primes p 4 Ny. Let d be a fundamental discriminant

and let L, M be positive integers such that there exists a matriz Ty with
a(F,Ty) # 0 and disc Ty = dM?L?, cont Ty = L. Assume that (d—MQ> =1

p
for all primes p|N1. Then there exists a matriz T with content equal to
(L, N$°) such that a(F,T) # 0. In particular, if gcd(L, No) = 1, a(F,T) #

0 for a primitive matriz T

Remark. In the special case Ny =1 (i.e. F is a cusp form with respect to
the Siegel congruence subgroup Fé2)(N2)), the condition <de\72> = —1 for
all primes p|N; is trivially true. Hence our theorem implies the existence
of a non-vanishing coefficient whose content only contains primes dividing

N,. This was also proved by Yamana in [62].

The reason we cannot deduce a(F,T) # 0 for a primitive matrix 7
in general from the relation is because we forced it to exclude the
information on By, at primes p|N,. These By, are vectors in a local Bessel
model for a representation 7 that is uniquely associated with F'. Computing
the values of By, explicitly at p|N; is in general complicated. However, in
the cases when it was done (e.g. [34], [38]), we can improve our theorem and
deduce non-vanishing of primitive Fourier coefficients. This is an example

of a beneficial interplay between number theory and representation theory.

Theorem. Let F' be a non-zero cuspidal Siegel modular form of degree 2,
level T'g(Ny, No) with Ny, Ny square-free, and weight k. Assume that F' is an
etgenform of the local Hecke algebra at all primes p, and let 7 = @, be the
representation associated to F'. Let d be a fundamental discriminant and
let L, M be positive integers such that a(F,Ty) # 0 and disc Ty = dM?L?,
cont Ty = L. Assume that (de\f) = —1 for all primes p|Ny. Let A be such
that

> A YT)a(F, T) #0.

TEeH (dM2,L;TO(Ny))

Under some mild technical assumptions on m, at p| Ny (cf. Corollary,
there exists a primitive matriz T such that a(F,T) # 0.

10



1.4.3 Non-vanishing of fundamental Fourier coefficients

of paramodular forms

The theorems mentioned in the previous subsection prove non-vanishing
of ‘simple’ Fourier coefficients (i.e., those whose content or discriminant is
small or can be controlled) under the hypothesis that there exists a matrix
zbwﬁhauaﬂg¢mnmddwdT):dwﬂL2wnh(%?)::—1mrmunmms
p dividing N;. Such a seed coefficient can be shown to exist in many cases
(e.g., it trivially exists if N; = 1), but an important case when such a
coefficient does not exist is the case of paramodular forms.

Paramodular forms are examples of Siegel modular forms that are in-

variant under the action of the paramodular subgroup

7 NZ 7 Z
Z Z Z Z/N
Z NZ Z Z
NZ NZ NZ Z

[P(N) = Sp,(Q) N

for some N € N. Note that the group I'™*(NN) contains I'¢(V, V), and thus
in principle the aforementioned results concern also paramodular forms.
However, it may be easily shown (cf. Section that if £ is invariant
under the action of I'™*(N), then necessarily a(F,T") = 0 for every matrix
T € H(dM? L;T°(N)) such that (%) = —1 for any p|N. In other
words, the condition we need (even its weaker version) never holds and
hence a seed coefficient as above does not exist. This makes the results of
the previous subsection not applicable to paramodular forms directly.
Nonetheless, we are able to prove the following result for square-free N,
which is in fact far stronger than the results of the previous subsection as

we are able to get all the way down to fundamental Fourier coefficients.

Theorem. Let I be a non-zero paramodular newform of square-free level N
and even weight k > 2. Then F' has infinitely many non-zero fundamental

Fourier coefficients.

The above theorem is of deep significance because paramodular new-
forms play a key part in the higher dimensional analogue of the modularity
theorem, known as the paramodular conjecture. As mentioned above, we
cannot deduce it directly from the relation . Indeed, we use ramified
Hecke operators, in the classical language, to first prove the existence of a
primitive Fourier coefficient. Once this is done, the existence of a funda-

mental Fourier coefficient requires moving into the world of Jacobi forms

11



and half integral weight forms, following a strategy used previously by Saha
[49] and Saha, Schmidt [52]. All this is carried out in Chapter [5

1.4.4 Maass relations

It is known that a Siegel modular form F' is a (classical) Saito-Kurokawa
lift of an elliptic modular form f if and only if its Fourier coefficients satisfy

the Maass relations

a b/2 B . f—SQ—I’T
(57 £ (1))

r| ged(a,b,c 2r

The classical cuspidal Saito-Kurokawa lift of weight k is a lift from a cus-
pidal modular form f € SéilQ(SLQ(Z)) with % even; it is a cuspidal Siegel
modular form F € 5,52)(Sp4(Z)). The first construction of such a lift was
given by Maass in [28] using correspondences between Siegel and classi-
cal modular forms, Jacobi forms and modular forms of half-integral weight
(see also [12]). However, Saito-Kurokawa lifts can be also constructed using
representation theory (]33], [55]). The advantage of the latter is that it can
be easily generalised to lifts of modular forms of higher level, and also with
an odd weight. In this case, if k is eve, for any f € S;il2(FO(N)) we get
a cuspidal Siegel modular form of weight k invariant under the action of a

congruence subgroup of GSp,(Z) such that its spin L-function is given by

This does not tell us though anything about the coefficients of F' and
whether they satisfy similar Maass relations. Pitale, Saha and Schmidt
[35] showed that this is indeed the case if F' € 5,22)(Sp4(Z)) is a Hecke
eigenform.

From a representation theoretic point of view, a Saito-Kurokawa lift
produces from a cuspidal automorphic representation m of PGLy(A) a cus-
pidal automorphic representation IT of PGSp,(A); and we can think of f
as an element in the vector space of 7, and F' a vector of matching weight
in the vector space of II. What is important is that any representation II
we obtain via this (generalised) Saito-Kurokawa lifting is a CAP represen-
tation.

More precisely, consider a cuspidal Siegel modular form F of level
Lo(Ny1, Na). We say that F' is associated to a CAP representation if the

8If k is odd, the construction leads to a non-holomorphic function (cf. [30]).
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following are true.

1) The adelisation of F' gives rise to an irreducible automorophic repre-
sentation m of GSp,(A).

2) The representation 7 is equivalent at almost all places to a constituent

of a globally induced representation from a proper parabolic subgroup
of GSp,.

Furthermore, we say that F' is associated to a P-CAP representation if the
proper parabolic subgroup above is the Siegel parabolic subgroup. The
classical Saito-Kurokawa lifts correspond exactly to the P-CAP represen-
tations. It is known that if £ > 3, then F' that is associated to a CAP
representation is automatically associated to a P-CAP representation. If
k =1 or 2, one also has CAP representations associated to other parabolics
(the so-called B-CAP and Q-CAP representations).

Note that the first condition above automatically implies that F' is an
eigenform of the local Hecke algebra at all primes not dividing N,. For
general Ny, Ny, there is no known explicit construction that generalises the
classical Saito-Kurokawa lifts and exhausts the set of all P-CAP F of level
Co(N1, Ns). It seems difficult then to directly prove the Maass relations
from construction. In this work we are able to prove the Maass relations

using methods of representation theory.

Theorem. Let Ny, Ny be positive integers and F be a cuspidal Siegel modu-
lar form of weight k and level T'y(Ny, No) that is associated to a P-CAP rep-
resentation. Let a, b, c be integers such that ged(a, b, c, No) = 1, b*—4ac < 0
and (%) = —1 for all p|Ny. Let L be any positive integer dividing N°
(i.e., all prime factors of L divide Ny). Then

b/2 a b
a(F,L( a b )): 3 rk_la(F,L<Tb2 27“)).
b/2 ¢ rlged(abie) o 1

This theorem is another consequence of the relation . It is an exten-

sion of the result of [35] to the lifts from modular forms of higher levels.

1.5 Notation

e N,Z Q,R,C stand for the natural, integer, rational, real and com-
plex numbers respectively;

Q, denotes the p-adic numbers and Z, the p-adic integers, A stands
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for the adeles of Q and Ay := H; <o Qp the finite adeles;
for a ring R we use the superscript R* to denote the invertible ele-

ments in R,

F' is a non-archimedean local field of characteristic zero, o its ring
of integers, p the maximal ideal of 0, w a generator of p, and ¢ the
cardinality of the residue field o/wo; for our global application we
will only need F' = Q,;

M, denotes the set of n x n matrices, whose identity element is 1,;
we use the superscript M>™ for symmetric matrices, and M, for the
matrices with positive determinant;

we distinguish a set

1
P, :={T € 5 SYM(Z) : T half-integral and positive definite},

where half-integral means that T" has integers on the diagonal;
T is the transpose of T" and tr T" the trace of T,
cont ( “ b/2> = ged(a, b, c), disc <b72 bf) = b? — 4ac

b/2 ¢

are the content and the discriminant of the matrix (b72 bﬁ 2 );

The letter G will always stand for the group GSp, defined as follows:
. 1 1
GSp,(Q) := {9 € GL4(Q): (_1 1 1) 9= n(g) (_1 1 1)},
where i(g) € Q,

Sp,(Q) :={9 € G(Q): u(g) = 1};

We also define the following local subgroups:

the Iwahori subgroup:

I:=1I(1):=1(1,1) =G(o) N

- O o o
- T o T
- o O o
o o o o
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the Borel subgroup of level p:

for ny < ns:

o p" o
o o0 0

[(nl,nz) = G(O) N
A

pn2 an pnl

the Siegel congruence subgroup of level p:

0 0 o
P =101)=Go)n|" > °
p p o
p po
the paramodular subgroup of level p:
op o o
P02 = G(F) N ° 00 0/p
op o o
ppp o

e For N =[], p" we define

Iy =[] 1(n),

p<oo

and similarly for Ny|Ny,

Iny, = [ 1(n1pnay);

p<oo

o QO o o

o O o <

Ky = H{g € GLy(Z,): g = <* *> mod p"},

p<oo

K$ = H{g € GLy(Zy): g = <* > mod p"* };

p<oo
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e For Ni|Ny and N € N we define

Z N7 7 Z
Z Z Z Z
To(N1, V) = G(Q)NG(R)* Ty, x, = Spy(Z)N
o(N1, No) (Q)NG(R)" I, n p4(Z) NZ NZ 7 Z
NoZ NyZ N7 Z

the Siegel congruence subgroup of level N:

and

A, B,

(n) —
Ly7(N) = Spy,(Z) N { (NC’n D,

) : A, B, C, D,, € M, (Z)},

and the paramodular subgroup of Sp,(Q) of level N:

Z NZ 7 Z
Z 7 7 Z/N
Z NZ 7 Z

NZ NZ NZ Z

[P(N) == Spy(Q) N

e For N € N,

7 7
[o(NV) := SLy(Z) N (NZ Z)’

0 . ZNZ\
[(N) :=SLy(Z) N (Z 7 >,

and locally at the place p:

" Z,p"7Z
I°(p"Z,) := SLy(Z,) N (Z” z ”);

p p

e For Ne N, X € Zand S C {p:p|N}, we put

Xs = Hpord”X , where ord,X :=max{n € Z: p"|X};
peS

(X,N*) = Xs with S ={p:p|N},
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and N> denotes a formal number such that N'|N°° for all [ € Z*;

p" | N means k = ord,N;

<%> denotes the Legendre symbol;

e For a congruence subgroup I'™ of Sp,, (Z), we put

M™(T™) .= {Siegel modular forms of weight k, level T},
S ,g”)(P(”)) .= {cuspidal Siegel modular forms of weight k, level I'™}.
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Chapter 2

Local theory

2.1 Local Bessel models for GSp,

We recall the definition of the Bessel model following the exposition of
Furusawa |14] and Pitale, Schmidt [3§]. Let S € My(F') be a symmetric
matrix such that d = disc S = —4det S # 0. For

G- ( a b/2>
b/2 ¢

we define the element

and denote by F'(£) a two-dimensional F-algebra generated by 1, and &.

Note that
d
2 _ |1
€ N ( d> .
2

Depending whether d is a square in F'* or not, F'(§) is isomorphic either
to L = F @ F or to the field L = F(V/d) via

x4y d ¢ (F*)?

(x+y¥d o —y¥d) de (F*)? '

x12+y§ —

The determinant map on F(§) corresponds to the norm map on L, defined

by Np/r(2) = 2%, where z — Z is the usual involution on L fixing F'. We
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define the Legendre symbol as

—1 if L/F is an unramified field extension
L
(-) =40 if L/F is a ramified field extension

p
1 itL=F&F

If L is a field, denote by oy, pr, @ the ring of integers, the maximal ideal
of 07, and a fixed choice uniformizer in oy, correspondingly. If L = F' & F,
let 0, = 0® o0, wy = (w,1). Define an ideal P := poy, in or; note that
B = p, is prime only if (%) = —1, otherwise P = p? if (f) = 0 and
P=papif <§> _ 1.

We define a subgroup 7' = Ts of GL3 by

T(F) = {g € GLy(F) | '9Sg = det(g)S} . (2.2)

It is not hard to verify that T'(F') = F(£)*, so that T'(F') = L*. We identify
T(F) with L* via (2.I). We can consider T as a subgroup of Gff] via

g
T>g9g— eG.
g ( det g - tg_1>

Let us denote by U the subgroup of G defined by

U = {u(X) = (12 ‘f) X = X},

2

and finally let R be the subgroup of G defined by R =TU.

We fix a non-trivial additive character ¢ of F' such that ¢ is trivial on

0, but non-trivial on p~!, and define the character § = 05 on U(F) by
O(u(X)) :=(tr (SX)). (2.3)

Let A be a character of T'(F') such that A|px = 1. Denote by A ® 6 the
character of R(F') defined by (A®0)(tu) = A(t)0(u) fort € T(F),u € U(F).

Let 7 be an irreducible admissible representation of the group G(F)
with trivial central character. We say that suchE| a m has a local Bessel

model of type (A, 0) if 7 is isomorphic to a subrepresentation of the space

'Recall that we denote by G the group GSp,.

2We define a local Bessel model only for representations with trivial central character,
because our main results are formulated for such representations. To define a local Bessel
model of type (A, 6) for a representation 7 with the central character w,, one should
assume that A|px = w,; and leave the rest unchanged.
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of all locally constant functions B on G/(F') satisfying the local Bessel trans-

formation property
B(rg) = (A®0)(r)B(g) for all r € R(F') and g € G(F).

It is known by [31], [42] that if a local Bessel model exists, then it is unique.
If the local Bessel model for 7 exists, we denote it by BJ 4. In this case, we
fix a (unique up to scalar) isomorphism of representations = — Bf , and

denote the image of any ¢ € m by B,.

In the Lemma below we explain how to switch between Bessel models
defined with respect to different matrices S. Together with Lemma 1.1,
[39] that will allow us to assume, without any loss of generality, that the
entries a,b, c and the discriminant d = b* — 4ac of S satisfy the following

conditions:

e a,bcoandceo”.
o If d ¢ (F*)? then d is a generator of the discriminant of L/F. (2.4)
o Ifdec (F*)? thend € o*.

Lemma 2.1.1. Let S € My(F) be symmetric, and let A be a character
of the associated group Ts(F'). Let A € GLo(F) and o € F*. Let S" =
a'ASA. Then Ts/(F) = A™'Ts(F)A, so that

N(#) = A(AFATY), ¢ € To(F),

defines a character of Ts/(F'). Let m be an irreducible admissible represen-
tation of G(F'). Then m has a local Bessel model of type (A, 0s) if and only
if it has a local Bessel model of type (A, 0s).

Proof. Indeed, if B € Bj,, then B'(g) := B((* -14-1)9), g € G(F)
satisfies the Bessel transformation property and the map B — B’ gives rise

to a local Bessel model B, . O

2.2 Sugano’s formula

We now investigate more closely the case when 7 is spherical, that is, 7 has
a non-zero G(o)-invariant vector. Such a representation is a constituent of

a representation parabolically induced from an unramified character v of
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the Borel subgroup of G(F'). The values of the character v at the matrices

(=) O () ()

are called the Satake parameters of m and determine the isomorphism class

of m. Because central character of « is trivial, we can call them in turn

a? /87 ail?/Bil’

Throughout this section we assume the following:
(i) 7 is a spherical representation of G(F),
(ii) S = (;2 bf) with a, b, ¢ satisfying the conditions ([2.4)),
(iii) @ = Oy is the character of U(F) as in ({2.3)),

(iv) A is a character of T'(F') that is invariant under the subgroup

T(n):=T(F)N{g € GLy(0) : g = </\)\> mod p", A\ € 0™},

for some non-negative integer n.

The next Lemma shows equivalent ways of writing the group 7'(n).

Thanks to this, our definition coincides with the one used in [35] and [3§].

Lemma 2.2.1. The group T(n) defined above is isomorphic to each of the
following:

T(F)N{g € GLy(o): g = (*

X X

) mod p"},

T(F)N{g e GLy(0) : g = <* ) mod p"}
*
and (under the isomorphism T'(F) = L*)
0 (1+P")Noj.

Moreover, every character of T(F) that is trivial on 0 is trivial on T'(n)

for n big enough.

Proof. By Lemma 3.1.1, [40], o, = 0 + 0&,, where

—bivd if L is a field

50 pu— .
—b+vd —b—d : _
(254, 254) L-FaoF
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Therefore by the identification (12.1)),

oL:{<x ve >:x,y€0}.
—ya x — yb

Hence, under the assumptions (2.4) and via the isomorphism T'(F') = L*,
the group T'(o) := T'(F) N GLy(0) is isomorphic to o} and T'(F) N Mz (o) =
o7. In this way

AML+PB")Nof = A1a+p™(T(F) N M(o))) NT(0)

and thus
T(n)=o* (1+P")No; . (%)

Assume now that g € T'(F) N GLy(0) is congruent to (; ,) mod p™. We
already know that g must be of the form =1y + y( _, G) with z,y € o.
However, because ¢ € 0*, we have y € p"o, and thus g = (*,) mod p",
which means that g € T'(n). The other inclusions are clear.

To prove the last assertion we use the isomorphism @ Because 0™ is
compact and {A(1 +PB") No; : n € N} gives a set of neighbourhoods of
each A € 0* in o7, so if A is trivial on 0*, it must be trivial on {A\(1 +
L) Noj: A e o*} for n big enough. O

Definition 2.2.1. The smallest integer n for which A is T'(n)-invariant or,
equivalently,

min{n > 0: A’(H‘B")WOE =1}
will be denoted by ¢(A).

Under the assumptions 7 has a local Bessel model of type (A, 6)
for A as specified in Table 2] For example, if 7 is an irreducible spherical
principal series representation (type I), such a local Bessel model exists
for all A. This model contains a unique (up to multiples) G(o)-invariant
vector, which we will denote by Bfro)(/\, 0) or by B The following results

are due to Sugano [60].

Theorem 2.2.1 (Sugano; [60]). Assume let A be such that the

local Bessel model B , exists and put

wl+2m

h(l,m) = (2.6)
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forl,meZ, m >0. Then
1. Bgo)(h(l,m)) =011 <0 orm<c(A).

2. B (h(0,c(A))) # 0.

Because of the above theorem, if the local Bessel model BY , exists, we
can and will henceforth normalize BY” so that Bfro)(h(O, ¢(A))) = 1. For

brevity, we shall henceforth denote
Ur(l,m) := > 32 BO(h(1,m + c(N))).
Then Sugano’s formula states that

Theorem 2.2.2 (Sugano; [60]). Let m be a spherical representation with Sa-
take parameters o, B, t, 871, Assume that © admits a local Bessel model

and let U (l,m) be as above. Then the generating function

C(X,Y)=C(X,Y;0,8) =) > Us(l,m)X"Y" (2.7)

>0 m>0

s a rational function given by

where

PX)=(1-afX)1—af ' X)1—a'X)(1—a'p71X),
QYY) =(1—-aY)1-pY)1-a 'Y)(1-p7Y),
H(X,Y)=(1+XY?) (Mi(X)(1+ X) + ¢ ?eo(a, B)X?)
— XY (0(a, B)M(X) — ¢ V2eMy(X)) — ¢ 2eP(X)Y

+q (%) P(X)Y?,

in terms of auziliary polynomials given by

ola,B)=a+B+at+ Y 7(a,f)=1+aB+af +a g+ a s,

M0 =1 (4~ (%)) (¢2eotas) = (5) rtam -1 -¢) x
(A 2
()

My(X)=1-7(a, )X — 7(a, ) X? + X3,
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where

(é) _ (%) if ¢(A) =0
p 0 if ¢(A) >0 7
0 if (%) =—1orc(A)>0
€= 1< Awyp) if (%) =0,c¢(A) =
Alwy) + Mwwph) if (g) —1,¢(A) =0

2.3 Bessel models for non-spherical

representations

In general, given characters A and 6 as defined in Section [2.1, a non-
spherical (irreducible admissible) representation 7 may or may not have a
(A, 6)-Bessel model. In case 7 is non-supercuspidal, Roberts and Schmidt
[46] used a classification of such representations due to Sally and Tadi¢ [53]
and for all of them provided a complete list of characters A for which the
(A, 8)-Bessel model exists. We summarise a part of their result in a Table
below for the representations that will be of special interest to us (mainly
because of the knowledge on their test vectors - cf. Theorems [2.3.1] [2.3.2
2.3.9).

Throughout this section we assume that the characters A, @ satisfy the
conditions We assume also that 7 is an irreducible admissible

representation with trivial central character.

Definition 2.3.1. Let ¢ € V,, and the characters A, 6 be such that Bf ,
exists. Let h(l,m) be as in (2.6) and define

me.a = min({m : B,(h(0,m)) # 0} U {c0}). (2.8)

Whenever mgy p < 0o, we normalise By(h(0,m4 4)) so that it is equal to 1.

Note that mg s = ¢(A) if 7 is spherical and a (A, §)-Bessel model for =
exists. In this section we will prove that this continues to hold for some
other cases.

We will now recall some results due to Pitale and Schmidt [34], [38]
on local Bessel models for non-spherical representations that have a non-
zero vector fixed under the subgroup I or P;. These theorems identify
test vectors for the aforementioned representations; the representations are
classified according to Table [1] (taken from [38]). Table 2| (taken from [46])

provides precise conditions that character A needs to satisfy so that a given
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representation has a (A, §)-Bessel model.

Table 1. The Iwahori-spherical representations of GSp,(F') and the di-
mensions of their spaces of fixed vectors under the parahoric subgroups.

The symbol v stands for the absolute value on F*, normalized such that

v(w) = ¢!, 0 and £ denote the non-trivial, quadratic characters of F*, ¢
unramified.
Type representation GSpy(0) Py P I
I X1 X X2 X o (irreducible) 1 2 4 8
IT a XStar, X o 0 1 1 4
b XlgL, X o 1 1 3 4
IT a X X 0Stasp, 0 0 2 4
b X X olasp, 1 2 2 4
IV a oStasp, 0 0 0 1
b L(v* v~ 'oStasp,) 0 0o 2 3
¢ L(*?StqL,, v 3%0) 0 1 1 3
d olasp, 1 1 1 1
V a 5, v€], v 20) 0 0 0 2
b L(vY2¢Stqr,, v1/%0) 0 1 1 2
¢ L('*¢Stqr,, v12%0) 0 1 1 2
d L(v€, € xv™120) 1 0 2 2
VI a 7(S,v™%0) 0 0 1 3
b (T, v%0) 0 0 1 1
¢  L(?StgL,, v ?%0) 0 1 0 1
d Ly, 1px x v 20) 1 1 2 3

25



Table 2. The Bessel models of the irreducible, admissible representations
of GSp,(F) that can be obtained via induction from the Borel subgroup.
The column L < ¢ indicates that the field L is the quadratic extension
of F' corresponding to the non-trivial, quadratic character ¢ of F*. The
pairs of characters (x1,X2) in the L = F @& F column for types IIIb and
IVc refer to the characters of T = {diag(a,b,b,a) : a,b € F*} given by

diag(a, b, b, a) — x1(a)x2(b).

Type (A, 0)-Bessel functional exists exactly for ...
L=FoF L/F a field extension
L€ L#E
I all A all A
II a all A A#(xo)oNp/p
b A=(xo)oNp/r A=(xo)oNp/p
IIT a all A all A
b Ae{(xo,0),(0,x0)} —
IV a all A A#ooNyp
b A=ocoNpp A=coNyp

c  A=@tlo,vTlo) -

d - _
V a all A A#0 0Ny 00N p#A#(E0)oNyp
b A=ooNpp _ A=00oNyp
¢ A=(fo)oNp/p — A=({o) o Ny
d — A=0oNpp _
VI a all A A#0oNp/p
b — A=00Nyp

C A:O’ONL/F -

d A:O’ONL/F -
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Theorem 2.3.1 (Pitale; [34]). Assume |(ii)q(iv) Let m be of type IVa. If
7 has a (A, 0)-Bessel model and ¢ € V. is a vector fized by I, then:

0 if c(A)=0
mea =40 if ¢(A) =1 and either (f) #1 or A(1,w) # o(w)
c(A)—1 dfe(A)>1

(o is a character of F* as in Table .

Theorem 2.3.2 (Pitale, Schmids; [38]). Assume|(ii}{(iv)] Let 7 be a rep-
resentation of G(F) that is not spherical but has a one-dimensional space
of Py-invariant vectors (i.e. w is of type Ila, IVe, Vb, Ve, Via or VIb).
Assume that  admits a (A, 0)-Bessel model and let ¢ be an element in this

model spanning the space of Pi-invariant vectors. Then
Mg = c(A)

unless 7 is of type Ila, (%) =1and A(1,w) = —w = A(w, 1) (w denotes

an eigenvalue of the Atkin-Lehner operator at ¢).

Theorem 2.3.3 (Pitale, Schmidt; [38]). Assume . Let 7 be a rep-
resentation of G(F) that is not spherical but has a two-dimensional space of
Py -invariant vectors (i.e. w is of type Illa or IVb). Assume that m admits
a (A, 0)-Bessel model. Then the space of P-invariant vectors is spanned

by common eigenvectors for the Hecke operators

1
T olv) i= ——— m(g)vd
1o(v) vol(Py) /Plh(l,O)Pl (g)vdy

and
1

m(g)vdyg
vol(Py) /plh(o,l)Pl

and if ¢ is any such eigenvector, then

T071 (’U) =

me A = C(A) .

Moreover, if ¢ satisfies the assumptions of Theorem [2.3.2] or [2.3.3]
Ti0¢ = A¢ and Ty 1¢ = ¢, then ([38], Proposition 6.1)

By(h(l +1,m)) = A\g *By(h(l,m)) for all [,m >0,
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and for [ > 0,m > ¢(A)
q*Bs(h(l,m +2)) — uBy(h(l,m + 1)) + X2q*A(w) By (h(l,m)) = 0

or, more generally, for [ > 0,

- 1 — kg Y

—c(A mo__
y e ;A) By(h(lm))Y"™ = e Sy U Y

By(h(l, c(A)),

where £ is an (explicit) constant depending on eigenvalues A, pu, character
A, F and L, and such that k = 0 if ¢(A) > 0 (values of A and p are listed

in Table 4, [38] in terms of invariants of 7).

Remark. The upshot of this section is that for almostlﬂ every representation
7 listed in Table [2| that admits a (A, #)-Bessel model, and for each new
vector ¢ € V, fixed under the action of G(0), P, or I, we know the (finite)

value of mg 4. In most cases it is equal to ¢(A).

Unfortunately, we cannot use these theorems for vectors ¢ that are
invariant under the action of I(nj,ny) with ny > 1. However, by an easy

adaptation of the proof given in [34], we provide a lower bound for mg A:

Lemma 2.3.1. Assume (i ){(iv). Let m be a representation of G(F) that

has an I(ny,ng)-invariant vector ¢ for some ny > ny > 0. Then
mga > max(0, c(A) —ng).

Proof. The proof is basically the same as the one for Lemma 3.5 in [34],
but we write it down for the sake of completeness.

It is clear that mg > 0. We may assume then that ¢(A) > n;. Let
m < ¢(A) —nq, and | € Z. It is enough to find an element k € I(ng,ns)
such that h(l,m)k = th(l,m), t € T(m + ny) and A(t) # 1, because then

By(h(l,m)) = Bo(h(l,m)k) = By(th(l,m)) = A(t) By(h(l,m)) = 0.

An easy calculation shows that we may take

—m

14z cyw
J— —ayw™ 1+4+2x—by
14+2—-by ayw™

—cyw ™ 1+=x

3With an exception of type Va and VIc, and with some mild assumptions on types
ITa, IVa.
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where x,y € p™t™ are such that A(1 + z + y&) # 1 and & as in ({2.5)
(recall that 1 +x +y& € o* (1 +P"™)No; = T(m + ny) by Lemma
9.2.1)). 0

The aforementioned theorems show that this bound is optimal in many

cases. Therefore it makes sense to make the following definition.

Definition 2.3.2. Let 7 be a representation of G(F’) that has an I(ny, ns)-
invariant vector ¢ for some ny > ny; > 0. We say that ¢ is optimal if for all
characters A of T'(F') one of the following holds:

e 7 has no (A, )-Bessel model,
o 7 has a (A, #)-Bessel model and my » = max(0, ¢(A) — nq).
Remark. The vector ¢ € V, is optimal whenever
(i) ny = ng =0 (i.e. 7 is spherical);
(ii) n; =0, ng = 1 and either 7 is not of type Ila or <%) #1;

(iii) ny =ny =1 and 7 is of type IVa.
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Chapter 3

Ray class groups

and TV(V)-equivalence

Throughout this chapter we are interested in the elements of the set
1
Py:={T € §M2Sym (Z) : T half-integral and positive definite},  (3.1)

where we call a matrix T' half-integral if it has integers on the diagonal.
These matrices may be characterised according to their content and dis-

criminant, defined as

b/2 b/2
cont [ ¢ / :=ged(a,b,c), disc o b/ = b? — 4dac.
b/2 ¢ b/2 ¢

In particular, each discriminant can be written as dM?2L?, where d is a
fundamental dz’scm’mz’nantﬂ and L is a content of the matrix. From now on

d will denote a negative fundamental discriminant.

Definition. Let I be a congruence subgroup of SLy(Z). We say that two
matrices T" and T" are I'-equivalent if there exists a matrix A € I" such that
T = 'ATA.

It is easy to see that this relation preserves discriminant and content of

the matrices. Therefore it makes sense to make the following definition:

Definition. Let d be a negative fundamental discriminant, and L, M pos-

itive integers. For any congruence subgroup I' of SLy(Z) we define the set

'Recall that d is a fundamental discriminant if d is square-free and d = 1 (mod 4)
or d = 4d', d’ square-free and d’ = 2,3 (mod 4). Or, equivalently, if d = 1 or d is the
discriminant of a quadratic number field.
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of I'-equivalence classes
H(dM? L;T) := {T € Py: discT = dL’M?* cont T = L}/ ~r,

where
T ~r T g ElAeFT/ = 'ATA.

Because of the relation (5.2)) satisfied by Fourier coefficients of Siegel
modular forms, we are especially interested in the set H(dM?, L;T(N)),

where

I°(N):={g€SLy(Z):g=(r,)mod N}.

It is well-known that when M = N =1, the set H(d, L;T°(1)) is isomor-
phic to the ideal class group of Q(v/d). As we shall see, when M, N > 1 the
situation is more complicated. In [35], Pitale, Saha and Schmidt found a
bijection between H(dM?, L;T°(1)) and a certain ray class group of Q(v/d),
which we will call later Cly(M). In the next section we are going to extend
their result to N > 1.

3.1 Construction of an endomorphism

Fix positive integers M, N and a negative fundamental discriminant d. Let

(
—d 0
2 .
ifd=0 (mod4)

[ a b2\ 0 1
S(d) = (b/Z . ) = 5 (3.2)
ifd=1 (mod 4)

U

N | »J>|
—_ N | =

\

and let 7' = Tg(g) be a group defined in section 2.1}

Definition 3.1.1. For N =[] p" define

Ty = [[ T(n,) and Cly(N):=T(A)/T(QT(R)Ty,

p<oo

where T'(n,) C T(Q,) is as in section and by 7'(0) we mean the maxi-
mal compact subgroup T(Z,) := T(Q,) N GLa2(Z,) of T(Q,).

Because of the isomorphism described in Lemma|2.2.1 we may view Cly(N)
as a ray class group of Q(\/d).
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Basing on the argument of [35], we will now describe a certain map from

Cla(N') to H(dM? L;T°(N)), where N’ is any integer divisible by M N.
Let ¢ € Cly(N') and let t. € T(A) be a representative for ¢ such that

t. € HKOO T(Q,). By strong approximation we can write t, = Y.mcke,
where 7. € GL2(Q), m. € GLy(R)" and k. € K},. Also, denote by (7.);
the finite part of ~. when considered as an element of GLy(A), thus we

have the equality (v.)f = 7cm., as elements of GLy(A). Let

S, = det(%)’1 S (d)ye; (3.3)

it is a positive definite, half-integral, symmetric matrix of discriminant d
and content 1 (cf. [14], p. 209). Put

Gra(c) =L (M) S (M) (3.4)

Then ¢, as(c) is a matrix of discriminant dM2L? and content L.

Note that the matrices ¢, a/(c) constructed above are not uniquely de-
fined, as they depend on the choice of t. and k.. However, the definition is

correct for T°( N)-equivalence classes.

Proposition 3.1.1. Assume that MN|N'. Then the map <5L,M = gzNSL,M;N,
from Clg(N') to H(dM?, L;T(N)), sending ¢ to ¢ra(c) is well-defined.

Moreover, if N' = MN, ¢ra.n 15 injective.

Proof. This follows almost immediately from the proof of Proposition 5.3,
[35]. The first part goes without any change. To show injectivity, it
suffices to exchange a group SLy(Z) occurring in the second part of the
proof with T°(N). More precisely, if we assume that there exists a ma-
trix A € TY(N) such that 'A¢r a(c)A = ¢ra(cr), then A must be,
in fact, an element of T°(N) N Ty(M). Observe that ‘RS.,R = S., for
R= (M )A(YM™ ) e T°(MN), and so if 1,72 correspond to S.,, S,
via (3.3), then y2 Ry € T(Q). Therefore, if we take t; = y177 ;51 and

ty = Y27, ! kg as representatives in ] T(Qp) of ¢; and ¢y, then

p<oo
YRyt € T(Q) NtaGLa(R) Ko w7

This means that ¢; and ¢, represent the same element in Cly(N'), provided
N =MN. O
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3.2 The image of gBLM

We start with the observation that the image of the map ¢ v from Cly(N')
to H(dM?,L;T°(N)) constructed above does not depend on N’, but only
on MN.

Lemma 3.2.1. Let MN|N{|N5, and let p: Cly(N3) — Cly(NV]) be the nat-

ural projection. Then the following diagram is commutative:

Clg(N}) Clg(N7)

H(dM?, L;T°(N))

Proof. This follows by construction. Let ¢ € Clg(Nj) and ¢y, ¢a, ..., ¢
be the elements of Cl;(/NV) that the map p sends to ¢. Choose distinct
i,j € {1,2,...,t}. We will show that ¢y (c;) and ¢p ar(c;) are TO(N)-
equivalent. For this it suffices to find v € T°(N) such that 7., (M ,) =
Ye; (M 1) 7. Denote by (v,), the image of 7., in GLy(Z,), when embedded
diagonally. Since ¢;, ¢; map to ¢, (7, ), (ord,(N7)) = (7, )pT (ord,(N7)) for
all primes p|N7 or p 1 % Hence, for each of those primes there exists g, €
T'(ord,(Ny)) such that (v.,)p = (7Vc;)pgp- Note that we can choose 7., and
Ye; in such a way that 7., T(Q)T(R) [, T(Zy) = 7, T(QTR) 1, T(Zy).
Hence, for primes p| =2 N O = (%J )p(Ve;)p 18 still in T'(Z,,). This shows that
g = ch Ye; € FO(MN) Now it’s easy to check that v := (VM 1)g(M 1)

gives a desired I'°(V)-equivalence. O

Put
H,(dM?, L;T%(N)) := im ((;BLMI Cly(MN) — H(dM?, L; FO(N))> .

Remark. The map ¢, from Clyg(MN) to Hy(dM?, L;T°(N)) is a bijec-
tion. Hy(dM?, L;T°(N)) acquires a natural group structure that makes it
isomorphic to Cly(M N). Hence if A is any character of Cly(M N), then we
can naturally think of A as a character of Hy(dM?, L;T°(N)).

In Chapter 4] we will naturally encounter sums like

> ATNQalF, dru(e))

CGCld N’

for a character A of Cly(N’). Observe that, if we denote by p a natural
projection from Cly(N') to Cly(MN), we have the following useful fact:
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Y ANea(F dru(c) = a(F,¢ra(c)) > A7

c€Cly(N) ceCly(MN) E€Cly(N")
p(&)=c
0 if C(A)1 MN
- Cla(N)] _ .
||Cld(zMN| ZTGHl dM?2,L;TO(N)) ANT)a(F,T) if C(A)|MN,

where C(A) =], p°») is the smallest integer such that Alrg,, = 1.

Let us now try to describe more accurately the set Hy(dM?, L;T°(N)).
This will give us information on the coefficients occurring in the sum above.
Lemma 3.2.2. Suppose that S' = (bfl/lz blc/,2> 1s a matriz of discriminant

/

dM?L? and content L, £g = (‘f{f —5/2)' Let E(S") be the subgroup of
SLy(Z) defined as follows

E(S) :={g€SLy(Z):¢g'S'g=5"}.

Then
1 Ifd#—4,-3, or if M>1, then E(S')={£1,}.
2. If (d, M)=(—4,1), then E(S")={+1,,+€g}.
8. If(d, M)=(=3,1), then E(S")={=£1s,+ (310 + &), £ (—31 + &o) 1

Proof. Note that E(S’) = {g € Ts/(Q) N SLy(Z): detg = 1} and it does
not depend on the content of S’. We may assume then that L = 1. A
discussion at the beginning of section applies also when disc S = dM?

and ' = Q, i.e. there is an identification

T(Q) = Qlés)* 3 -+ yéo s 0+ Y00 oy MV ¢ o),

Therefore F(S’) corresponds to the units of the ring of integers of Q(v/d)
of the form :E—i—yM Vd T easy to check that they are of the form proposed

above. O

Proposition 3.2.3. Suppose that Sy,...,S; are matrices that are a com-
plete set of (distinct) representatives for H(dM? L;T°(1)), and Aq,..., A,
form a complete set of (distinct) representatives for SLy(Z)/TO(N).

1. Assume that either d # —4,—3, or M > 1. Then ALS;A; gives a
complete set of distinct representatives for H(dM?, L;T°(N)), i.e.

(@, L) = o = S MNH ot (4 ) o,
p|N
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where u(d) =1 if d # —4, -3, and u(—3) = 3,u(—4) = 2.

2. Assume that (d, M) = (—4,1) and let N = 2"p{* ...p" be the prime
decomposition of N. Then

(4, L) = o ( NTT0+ 1/m) 4 £ )
p|N

where

’ 2° ifng <1 and V;p; =1 (mod 4)
4 =

0  otherwise.

3. Assume that (d, M) = (=3,1) and let N = 3™p}* ...pl be the prime
decomposition of N. Then

1
[H(=3, LiT(N))| = o | N[+ 1/p) +2£L5 )
p|N
where

- 2° ifng <1 and V;p; = 1 (mod 6)
-3 =

0  otherwise.

Proof. Recall (e.g. [19], Proposition 2.5 and [7], Theorem 8.2) that

r:NH(l—i-l/p)

p|N

and

Clg(1 _ .
CAM L (- p (2)) 60 >0

t= | Cly(M)] = .
ICLy(1))] if M =1

Each equivalence class in H(dM?, L;T°(1)) (i.e. j € {1,...,t} is fixed) can
be written as a union of sets { ‘g'A;S;A;g: g € T°(N)} with i € {1,...,7}.
The question is whether they are all disjoint. Assume this is not the case
for the sets corresponding to i; and s, i.e. assume there exists g € TY(N)
such that A, S;A; = '9'4;,S;A;,9. Then S; = Y(A;,gA;")S; A, gA; ",
where A;,gA; " € SLy(Z). Hence, A;,gA;" € E(S;) and Lemma tells
us precisely what these elements may be. The question is whether it does

not imply ¢; = i3 and how often this is the case.
1. If d # —4, -3, or if M > 1, then A;,g = £A,;,, and so i; = is.
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2. If (d, M) = (—4,1), then either i; = iy as above, or A;,g = £{s,A

3. If (d, M) = (—3,1), then we get two additional possibilities: either
Az‘2g = i(%]+fs )A or Amg - ( %I+£Sj)Azl

Let us check whether the remaining cases may happen when iy # i5. With-
out loss of generality we may assume that L = 1. Observe that both

H(—4,1;T°(1)) and H(—3,1;T°(1)) contain only one class, namely the one

1 1/2

12 1 respectively. Indeed, each of the elements

determined by 1, and (

(bfl/lQ b/c/,z) in H(dM?,1;T°(1)) can be written uniquely in a reduced form,
that is with |b'| < o' < ¢ (e.g. [8], Theorem 2.8). It is easy to see that
if M =1 and d = —4,—3, the only matrix satisfying these conditions is
15 and (1}2 1{2) respectively. From this observation it also follows that

CLu(1)] = [C15(1)] = 1.
Choose a set of representatives for SLy(Z)/T'°(N) to be|

{Ay, .. A ={(t¥%) € SLy(Z) : v|N,u (mod N/v)}.

Let A;, = (5%)and 4, = (*%).

Assume first that (d, M) = (—=4,1). Then g = A (1) 4,
[%(N) if and only if Njuu' + vv'. Since ged(u,v) = 1 = ged(v/,v’) and
v,v'|N, we must have v = ged(v/, N), v' = ged(u, N) and ged(v,v') = 1.

Put v = v'u and v = vu/, so that %|u_u’ + 1. Note that o/ is determined

1s in

by v,v’,u. Moreover, under the assumption ged(v,v’) = 1, i1 = iy if and
only if v = = 1 and u = v/ satisfies u?> = —1 mod N.

Hence, if we fix u, v, then v/, v are uniquely determined and thus there

gH(Hl/p)jLﬂ

p|N

are

['°(V)-non-equivalent classes within each class in H(—4, L; (1)), where
L g:=#{ue{l,...,N}:u*=—1mod N}.

—1/2

If (d, M) = (=3,1), then g = 4. (312 + (V7 1, ))4;, is in TO(N)
if and only if

Njuwu' +vv"+uv'v or  Nluu' +vv' +ur'. (%)

We will look for the solutions to the first condition, the latter one being

2For the proof that these indeed constitute representatives for SLy(Z)/T'°(N), consult
[19], Proposition 2.5.

36



symmetric.

From similar reasons as in the previous situation, v’ = wvu’ and
ged(w/, N) = 1. Hence, ged(v,v')|un/, and thus v and v are coprime. Our
condition becomes &|v' + «/(u + v) and implies v = ged(N,u + v). Let
t = u+ v and write t = vt. It is easy to see that ¢ runs through the rests
modulo N/v and ged(t,v) = 1. Moreover, 2|1 + u't.

Hence, if we fix v and u, v" and ' are uniquely determined. Similarly,
if N|ut+ v+ uv, then @ and © are uniquely determined by u,v. Moreover,
it is easy to check that the conditions @ hold at the same time only
if v =0 =1and u = « satisfies u> + u+ 1 = 0 (mod N). Hence the
conditions (ED and uniqueness of the solution for each of them imply that
unless v = 1 and v?> + u + 1 = 0 (mod N), the matrix (*%) is T°(N)-

equivalent to exactly two matrices. Therefore, there are

gH(l +1/p) +2%

pIN

I'%(V)-non-equivalent classes within each class in H(—3, L; (1)), where
Ls=#{uc{l,... N}:v*+u+1=0mod N}.

In the following lemma we compute the quantities £_4 and £_3, and
that finishes the proof. O

Lemma 3.2.4.
1. Let N =2™pi* ...p2 be the prime decomposition of N. Then

#{u € (Z/NZ)* : uv* = —1 mod N}
2° ifng <1 and V;p; =1 (mod 4)
0  otherwise.

2. Let N = 3™pi*...p2 be the prime decomposition of N. Then

#{u € (Z/NZ)* : v’ +u+1=0mod N}
2° ifng <1 and V;p; =1 (mod 6)
0  otherwise.
Proof. This follows from Chinese Remainder Theorem and two basic facts:
e For an odd prime p, (Z/p"Z)”™ is a cyclic group of order p"~1(p — 1).
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e (Z/2"Z)" is cyclic of order 1 and 2 for n = 1 and 2, respectively. If
n > 3, then it is the product of two cyclic groups, one of order 2, the

other of order 27 2.

1. Depending whether p = 1 (mod 4) or p = —1 (mod 4), —1 is a square
in (Z/p"Z)* or not, respectively. Moreover, because there is only
one element of order 2, there are either 2 or 0 solutions to u? =
—1mod p™. If p =2, —1 is a square in (Z/2"Z)* only if n = 1, in

which case —1 = 12.

2. First note that the equation u?+wu+ 1 = 0 has no solution modulo 2.
Furthermore, because the solutions are of the form (—1 + /=3)271,
the equation has one solution modulo 3 and no solutions modulo 3"
for n > 1. Now, since v®> — 1 = (u — 1)(u* + u+ 1 = 0), we will look
for the elements of order 3 in (Z/p"Z)*, where p = +1 (mod 6).

If p= —1(mod 6), then the order of (Z/p"Z)* is not divisible by 3.
In the other case, there are two elements of order 3, uy and u3, say.

Both of them are zeros of the polynomial u? +u + 1 = 0 mod p".

]

In Proposition we computed the size of H(dM? L;T°(N)). On
the other hand, we know that ([35], proof of Proposition 5.3)
_ |Cla(1)]

L) = o) = Sy TL - (2))
p|MN

if MN > 1, where u(d) is as in Proposition 3.2.3] (If MN = 1, then
|Hy(dM?, L;T°(N))| = |Cly(1)|.) Combining these we get the following

result.

Proposition 3.2.5. The map ¢ Cly(MN) — H(dM?, L;:T°(N)) is
surjective if and only if (%) = —1 for all primes p|N.

Corollary 3.2.1. The following conditions are equivalent:
1. Hy(dM? L;T°(N)) = H(dM?, L;T°(N)),
2. (de\{2> = —1 for all p|N,

3. |H(dM2N?, L;T°(1))| = |H(dM?, L;TO(N))].

Proof. This follows from the fact that Cly(MN) = H(dM?N? L;T°(1))
(Proposition 5.3, |35]) and Proposition [3.1.1} (3.2.5 O
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3.3 Discussion on the image

As we mentioned earlier, in Chapter [l we will naturally encounter averages

of Fourier coefficients of the form

> AYT)a(F,T). (3.6)

TeH, (dM?,L;T0(N))

Therefore it is important to precisely determine the set Hy(dM?, L;T°(N)).
Corollary describes when the sum includes all inequivalent coeffi-
cients (according to the relation (5.2))) of given content and discriminant.

However, it would be useful to know which coefficients are omitted.

Lemma 3.3.1. Every class in Hy(dM?,1;T°(N)) has a representative with
the (2,2)-entry coprime to M N .

Proof. Let ¢ € Cly(MN). Every class in H;(dM? 1;T°(N)) contains an
element ¢ p(c) = (M) S (M), where S, = det(y.) ' H.5(d)7. is as
defined in (3.3); in particular, t. = yem.k. € GLy(Q)GLa(RT) K}y is a
representative for ¢ in T'(A). We will show that the (2,2)-entry of S, is
coprime to M N.

At each place p|MN, t., = Ve phicp, SO

Sep = det(tc,p/f;;)_l t(tc,pn;;)S(d)tqp/@;; = det(kep) t/i;;S(d)fi;; .

Now, because the (2, 2)-entry of S(d) is equal to 1, and the elements on the
diagonal of k., are coprime to M N, the (2,2)-entry of S., at each place
p|M N is also coprime to M N. Hence the statement of the lemma. O]

Even though the above lemma does not tell us precisely what the set
Hi(dM? 1;T%(N)) is, it brings an unwanted conclusion that the sum
misses all primitive coefficients a(F,T') of paramodular forms. Indeed, the
property of whether the (2,2)-entry of a matrix in P, is coprime to N is
preserved in its T'Y(N)-equivalence class, and if T occurs in a Fourier ex-

pansion of a paramodular form of level N, its (2, 2)-entry is always divisible

by N (cf. Section 5.1.1]).
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Chapter 4
Main results

In this chapter we combine local and global theory to obtain our results.
We incorporate the notation from Chapter [2| and |3 putting a subscript p
to indicate the place at which we localise a given object.

The main result is Theorem which provides a relation between
Fourier coefficients of arbitrary irreducible cuspidal representation of G(A)
with trivial central character. In the next sections we specialise this re-
sult to various cuspidal Siegel modular forms of degree 2. In particular,
we derive an information on non-vanishing of ‘simple’ Fourier coefficients
(Section and prove Maass relations for generalised Saito-Kurokawa lifts

(Section [4.5]).

4.1 Global Bessel models

Let d be a fundamental discriminant and S = S(d) the matrix defined in
. Let T,U, R be as in Chapters , . Let ¢ be a fixed non trivial
character of A/Q. We define the character § = 05 on U(A) by 0(u(X)) =
¥(tr (SX)). Let A be a character of T(A)/T(Q) such that Ajax = 1, and
denote by A ® 6 the character of R(A).

Throughout this chapter, let 7 be an (irreducible) automorphic cuspidal
representation of G(A) with trivial central character and V, be its space

of automorphic forms. For & € V,, we define a function By on G(A) by

Bs(g) = / (A®0)(r) ' ®(rg) dr.
AXR(Q)\R(A)

The C-vector space of functions on G(A) spanned by {Bg : ® € V,}
is called the global Bessel space of type (A,0s) for m, and its vectors are

called Bessel periods; it is invariant under the regular action of G(A), and
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when the space is non-zero, the corresponding representation is a model of
7, which we call a global Bessel model of type (A, #). In fact, if there exists
® € V. such that Bg # 0, then Bg # 0 for all ® € V.

For ® € V, and a symmetric matrix S € M3y (Q), we define the Fourier

coefficient

1o X

Lo

Dsy(g) = / Y (b (SX))‘I)(<

)g) X,  gedG(A)
M3 QM (A)

(4.1)
For brevity we will often shorten ®g, to ®g.
Lemma 4.1.1.
Balo) = | AL (0)Ds(tg)dt for g € G(A).
AXT(Q)\T(A)
Proof.
Balg) = / / 651 (u(X))A~ () (tu( X )g)dX dt
AXT(Q\T(A) J MF™(Q)\M5"™(A)

_ / AL (E) / 051 (u(Y)) B (u(Y )tg)dY dt
AXT(Q)\T(A) MY (QA\MF™(A)

where Y = (det )™ - tX % and S’ = dett- #71St~! = S. This finishes the
proof. O

The next Lemma points out the importance of Fourier coefficients de-
fined in (4.1).

Lemma 4.1.2. Let w be a cuspidal, automorphic representation of G(A)
with trivial central character, and let S € M>™(Q). The following are

equivalent.
1. &5 #0 for some ® € V.

2. ®g #0 for all ® € V.

3. m has a global Bessel model of type (A\,0s) for some character A of
T(A)/T(Q).

Proof. Only i) = iii) deserves a proof. Assume that ®g is non-zero. Let
g € G(A) be fixed such that ®g(g) # 0. It is easy to verify that ®g is left

T(Q)-invariant. Hence, we have a well-defined, non-zero function
A*T(Q\T(A) — C, > By(ty).
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By Fourier theory, there exists a character A of T(Q)\T(A) such that

/ A () Pg(tg) dt # 0.

AXT(Q)\T(A)

This implies that m has a Bessel model of type (A, 6s). ]

4.2 The key relation

Fix ® € V,, N € N and assume that ® is right invariant by the subgroup
Iy of G(Ay) defined in Section Let S be a subset of the set of primes
dividing N. For any integer X we will use the subscript Xs to denote the
part of X inside S (cf. Section [1.5)).

For any two integers L, M, we define the element H(L, M) € G(A) by

LM?
LM ) p| LM
_ M

H(L,M), =< », .
L) e
1

Note that H(1,1) = 1 and H(L, M), = h,(l,m) for all p < oo, where
l =ord,L and m = ord, M.

Let A =[]« Ap be acharacter of T(A)/T(Q)T'(R) such that A[px =1
and let C(A) =[], p™») be the smallest integer such that Alrgyy =1 (cf.

Def. [2.2.1} 3.1.1)). Suppose that & = $s ®,¢s ¢, is a pure tensor in the

space of m away from S. For each prime p ¢ S assume that

e 7, has no local Bessel model of type (A,,6,)
or (4.2)

e 7, has a local Bessel model and mg, , < co.

Remark. The point of introducing the set S is so that we may formulate
our results without bothering about the value, even finiteness, of mg, .
If holds for each prime p|N and we know a nice formula for mg, ,
for each p, we may assume that S = (). This is the case for almost every
representation listed in Table [2| - check further the remark at the end of
Chapter

If 7 has a global Bessel model of type (A, ), then for each place p of
Q, 7, has a local Bessel model of type (A,,8,) and each ¢, corresponds to

a (unique up to multiples) vector By, in the local Bessel model of .
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Definition 4.2.1. For each ® € V. and a character A define

S 1 if 7, has no local Bessel model for some p ¢ S
AT
[I,zs ™o otherwise.

(4.3)

Remark. If m, is of type I, then mg, z, = ¢(A,) by Sugano’s theorem [2.2.1]
The other spherical representations (type IIb, IIIb, IVd, Vd, VId) with
trivial central character admit local Bessel model if and only if A = 1. In

this case mg, a, = 0.

The following lemma is the base for our main results.
Lemma 4.2.1. Let L, M, L', M’ be positive integers such that

o I'|L, L's = Lg

. M£7A|M’]M, Ms = Ms.

If a local Bessel model exists at allp ¢ S, then the following relation holds:

Bo(H(L, M) T Ba, (oll')) = Ba(H(L M) T Boy(hyltm)).
p'p@;f’ o
(4.4)

Otherwise, Bo(H (L, M)) = 0 for all integers L, M.
Proof. Observe first that if 7 does not have a global Bessel model of type
(A,0), then both sides of (4.4)) are zero. We may assume then that the

global Bessel model exists.

By uniqueness of local Bessel functionals,
Bo(H(L, M)) = C [ Ba, (hp(l;m)) T | Bo, (hy(l,m))
peES p¢S

for any positive integers L, M. The constant C' can be found if we specialise
to Ls and MsMg,Ai

By(H(Ls, MsM§ ,)) = C [ [ Bs, (ho(l,m)) [ ] 1
peS p¢S

(recall that we set the normalisation By, (h,(0,mg,4,)) = 1 for p ¢ S), and
thus

Bo(H(L, M)) = Bo(H(Ls, MsMg 1)) [[ Ba,(hy(l,m)).

p|LM
p¢S
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Using this equation with L', M’ as in the statement of the lemma, we
obtain the relation (4.4). Note that without the assumption Mg ,|M’ the

statement is still true, but we have zeros on both sides of the equality. [

From this simple looking relation (4.4]) we obtain a correspondence be-
tween the Fourier coefficients (4.1]) that will be crucial for our applications.

We start with an auxiliary lemma.

Lemma 4.2.2. Let A € GLy(Q),a € Q*,vy = (A atat ), and let yy be the
image of v in G(Ayf). Then for any automorphic form ® on G(A), any
matriz T € M3"™(Q) and g € G(R)" we have

Or(gooV7) = Pa-teara(Vac oo) »
where Yoo = 77]71.

Proof. Using the fact that ® is left G(Q)-invariant and the substitution
X = a'AY A, we obtain

Br(gory) = / | B (b (TX))B(u( X )gaoyy)AX
MY (Q)\MY™(A)

_ / | Gt (TX))B(u(X )t goe)dX
MY (Q\MY™(A)

/ B (b (TX))B(u(@A™ X A2 g ) dX
MY (Q)\MY™(A)

= (I)oc—l tATA(PYo_olgoo) .
]

Theorem 4.2.1. Let m be an irreducible automorphic cuspidal represen-
tation of G(A) with trivial central character and ® € V. an automor-
phic form in its vector space. Assume that ® is right Iy-invariant for
some N € N and let S be a subset of the set of primes diwviding N. Let

= S(d), and ¢ be a fized non trivial character of A/Q. Let A be a
character of T(A)/T(Q)T(R) such that Ajax = 1 and holds. Then
for any L,M,L' M satisfying the conditions of Lemma and such
that C(A)|M'N, we have the following correspondence between the Fourier
coefficients (4.1)):

|Cla(M'N)| _ )
|Cly(MN)| Z A7t /q)%,M(C)(HoolmctOO)dtoo H By, (hp(I',m"))
d c€Cla(MN) () . L; ?'
p
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= Z A_l(tc) / ¢)¢L/7M/(c)((Hl - c oo oo H ngp
ceClg(M'N) x p|LM
‘ RA\T(R) ALY,

(4.5)

where t. € T(A) are representatives for ¢ in Cly(MN) or Cly(M'N) such
that t. = yemck. by strong approzimation theorem (cf. Section, ora(c)

is defined as in (3.4)),

LM2 L' M2
.— LM ! L' M’
Hy = 1 and H = 1 .
M M/

Proof. In view of the relation (4.4]), it suffices to compute the values
Let ®LM(g) := ®(gH (L, M)) for g € G(A); because @ is right Iy-

invariant, ®»" is right invariant by
/*]\4 MNx LLJ\](I/[Q* Li\//[*
—1 * * * * .
HOOINHOO = {H <>»<N/LM2 «N/LM =« */M) € G(Qp) Dk E Zp}7
p<oo «N/LM *«N/L MNx x
LM?
where H, := LM € G(R)". In particular, ®M is right invari-

M
ant by Ty and K}, (defined at the beginning of Chapter (3)).

Following the notation of Section [3.1 we can write

7A) = ] tT(QT®R)Tuy,
c€Cly(MN)

where we choose t. € [[ _..7(Q,), and by strong approximation theorem

p<o0

write t. = Yemeke with 7. € GL2(Q), m. € GLe(R)" and k. € K} 5.
With this preparation we are ready to compute the values Bg(H (L, M)).

BalH(LD) = [ Awek
AXT(Q\T(A)

— / chM(tt )dto / Attt arn ) dErry
RX\T(R

c€Cly(MN) AFT(QNTN\TMN

Observe that if C'(A) + M N, then the inner integral is equal to zero and
the equation (4.5) holds. Henceforth we assume that C(A)|MN. With this

assumption and using Lemma twice, we have

1 1 LM
Be(H(L,M)) = mce(}%ﬂi\) (tc)/ D™ (Vemetoo ) dt o
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= m oA /R O™ (too (Vo) )t oo

ceCly(MN) “\T(R)
1
- - A / OEM (mtoo)dt
i), 20 fe
1
- A~ / By, o) (H metoo)disg
|Cly(MN)| ec;;wzv RATR)
where ¢ a(c) is defined as in (3.4)). O

Corollary 4.2.1. Suppose that ® is right invariant by In, n for some
Ni|N. Then we get a simpler formula, where the sum runs over the ele-
ments of the ray class group Cly(MNy) and it suffices to require C'(A)|M'Ny:

Cly(M'Ny)|
||Cl— oA / Dy, 0s0) (Ho Metoo)dtoo | | Bo, (hp(l',m))
a(M ceCly(MNY) RX\T(R) ol M
pES
= Z A 1(t6)/ (I)¢>L/,M/(C)((H/ met oo too HB¢p
c€Cly(M'Ny) RX\T(R) plLM
pES

The rest of notation is as in Theorem |4.2.1].

In the next section we specialise the relation (4.5)) to automorphic forms
that give rise to Siegel modular forms and obtain very general relations

between their Fourier coefficients. This will lead to further applications.

4.3 Application to Siegel modular forms

Let 7 = ®,m, be an irreducible automorphic cuspidal representation of
G(A) with trivial central character and such that 7., = L(k, k), the lowest
weight representation of scalar minimal K-type of weight k. Let ® be an
automorphic form in the space of 7 and let ¢, be a lowest weight vector

of 7. This means that
D(gkoo) = j(kso,iz) " ®(g) for all ko € Ko, g € G(A), (4.6)

where

(i) K is a maximal compact subgroup of G(R)" such that any k. in

K, is of the form (_AB f\),
(11) ig = ilg,
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(iii) j((AB),ia) = det(Ciy + D).

Furthermore, assume that there are integers Ny, No with N;| Ny such that @
is right invariant by In, n,. Let S be a subset of the set of primes dividing
Ny such that holds for each prime p ¢ S.

Now, define

F(Z) = ®(g)j(g,i2)"1(g) ", (4.7)

where g € G(R) is such that g iy, = Z and
Such a function F'is holomorphic and satisfies

Vom(A Byerovn FIRV(Z) = 00501, 2) " F (v - 2) = F(Z); - (48)

it is a cuspidal Siegel modular form of degree 2, level I'y(Ny, N3) and weight
k that is an eigenform of the local Hecke algebra at all primes p { NQH It

follows that F' admits a unique Fourier expansion

F(Z)= ) a(F,T)e(tr(TZ)), where e(z):=e*™",
TeP2
where the sum runs over the matrices in the set Py defined in (3.1]).
Observe that the correspondence (4.7)) is bijective in a sense that to any

Siegel cusp form F' that satisfies the above conditions and gives rise to an

irreducible representation we can attach an automorphic form ® via
D(g) = Flrgoo(i2), 9= 9Qdocgo € G(Q)GR) Iy, v, = G(A);  (4.9)

® is called the adelisation of F.

With this preparation we may begin our way to formulating a version
of Corollary for Siegel modular forms. For the rest of this section we
assume that ¢ =[] 1, is the character of A/Q such that

p<oo

e the conductor of ¢, is Z, for all p < oo,
o o(r) =e(x) for z € R.

Lemma 4.3.1. Let ® be an automorphic form on G(A) that satisfies the
equation (4.6)), and let F be as in (4.7). Then for any matriz T € My"™(Q)

'In fact, these functions, coming from irreducible representations, span the space of
Siegel cusp forms of degree 2, level I'g(N7, N3) and weight k.
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and g-. € G(R)™ we have
Pr (o) = 1(go0) " (90 12) " F, T)e(tr (T(goc - i2)))

Proof. 1t is easy to check that the automorphy factor j defined above has
the property

J(9192: 2) = (91,92 - Z)j(92, Z) .
Hence,

Br(gs) = [ 07 0 (X)) B(u(X)gnc )X
M5 (Q)\M3™™ (A)

/ e(tr (TX)lgo) T (u(X) g, )
M5"™(Z)\M;"™ (R)

F(u(X) oo - i2)dX
= 1(90)" (9o, 12)* Y a(F,T)

Tl

/Msym(z)\Msymm) e(—tr (TX))e(tr (T(goo - 12)))e(tr (T7X))dX

= U(gm)kj(gooa i2)_ka(Fa T)e(tr (T(goo ' 22))) :
O

Theorem 4.3.1. Let m, &, F' and Ny, Ny be as above. Let S = S(d) and
let A be a character of T(A)/T(Q)T'(R) such that Ajax = 1. Let S be a
subset of the set {p : p|Na} such that holds for all p ¢ S. Then for
any L, M, L', M'" satisfying the conditions of Lemma and such that

C'(A)|M' Ny, we have the following relation between the Fourier coefficients
of F':

|Cld(M/N1)’ L'M' g -1 / /
A YT)a(F,T By (h,(1
’Cld(MNl)’ LM Z < )a’( Y ) H ¢p( p( ’m))
TeH, (dM?2,L;TO(Ny)) p|L' M’
pg¢S
= > AN Ta(F,T') T] Bs,(hp(l,m)). (4.10)
T'€H1(dM'2,L;TO(Ny)) p|LM
p¢S

Proof. We specialise Corollary to ® that is the adelisation of F'. It is

enough to compute the following integral.

/ (I)¢L,M(C) (Hoglmctoo)dtoo
R*X\T(R)
Lommall3 N 1 aryka(F, ¢ 0(c))
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el Gnan O (H it ) it
RX\T(R)

— (LM)a(F, 61.01(c)) / e(tr (Su(mtas - i2))) o

R*\T(R)

— (LM)™a(F, ¢1.21(c)) / e (tr (Sia)) oy
RX\T(R)

= r(LM) *a(F, ¢ra(c))e ™5,

where r = dt. Now, recall from Chapter |3| that

fo \T(R)

{opm(c): c € Cly(MNy)} = Hy(dM?, L;T°(Vy)) .

O

Remark. Theorem imposes two extra conditions on M’ that depend
on A: Mg ,|M' and C(A)|M'N;. However, thanks to Lemma [2.3.1] and
Sugano’s theorem [2.2.1] we only need to assume that Mg ,|M’ and

c(Ap) <mg,a, + 11, for peS.

So, in particular, if we may take S to be the emptyset (as is the case when,
for example, F has level I'g(N1, Ny) with Ny, Ny square-free, and at primes
p| N2, m,, A, do not satisfy two very specific conditions stated in Corollary
4.4.2), we may reduce the conditions on M’ to Mg ,|M'.

Remark. The proofs of Theorem [4.2.1] and 4.3.1] also provide the equality

T(LJ\/[)71c e—27rtrS Z /X_1<7_')@<F17 T), C(A)’MNl

[Cla(MNY)]
Be(H(L,M)) = TeH: (dM?,L;T0(N1))

0, otherwise,

where r is the non-zero constant depending only on S and the choice of
normalisation for the Haar measure.

If in Theorem we take as S the set of all primes dividing N, then

ord,C (A

Sugano’s theorem ensures that MgA = HMNQp ), and thus we can

simplify Theorem to the following form:

Corollary 4.3.1. Let F' be a Siegel cusp form of degree 2, level T'g(Ny, No)
and weight k. Suppose that F is an eigenform of the local Hecke alge-
bra at all primes p 1 N2E|. Let d be a fundamental discriminant and let

2It is enough to assume that F is an eigenform of the Hecke operators T'(p) and T (p?)
at p {1 Na. For the definition of these Hecke operators see for example [18], Chapter [5|or
11
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L, M, L' M’ be positive integers such that L'|L, M'|M, (L, N5°) = (L', N5°)
and (M,Ns°) = (M',N5°) (cf. Section[1.5). Then for all characters A of
Hy(dM"?,L,T°(Ny)) = Cly(M'Ny),

QUOTNIL () 5 ey T Bt )
TeH(

dM2,L;TO(Ny)) p|L/ M’
piN2
— 3 AN Ta(F,T') T] Bs,(hp(l,m)). (4.11)
T'€Hy(dM'2,L/;TO(Ny)) p|lLM
piN2

Proof. This follows immediately from Theorem (for S = {p : p|N2})
and Proposition 3.11, [50], which states that in our setting the following

conditions are equivalent:
(i) F is an eigenform of the local Hecke algebra at all primes p { Ns.

(ii) If /', 7" are two irreducible cuspidal representations both of which
occur as subrepresentations of the representation 7 associated with

F, then m, = 7 for all primes p{ Ny.

As a result, F' = ) . F;, where each F; has the same local data at p { No
and is as in Theorem [4.3.1] O

4.4 Applications to non-vanishing of Fourier

coeflicients

Formula (4.10) yields many relations between Fourier coefficients of Siegel
modular forms that are invariant under the action of I'o(Ny, Ny). It gives
us, among others, an insight on the existence of Fourier coefficients a(F,T),

where both content and discriminant of the matrix 7" are smallest possibleﬂ

Proposition 4.4.1. Let ®, F, Ny, Ny be as in Theorem[/.3.1], and let L, M,
d be such that a(F,Ty) # 0 for some Ty € Hy(dM?, L;T°(Ny)). Then there
exists a character A of Cly(MNy) = Hy(dM?, L;T°(Ny)) such that

> AN T)a(F,T) #0. (4.12)

TeH(dM?,L;T0(Ny))

Suppose that S is a set of primes dividing Ny such that ¢, is optimal for all
p & S (cf. Definition[2.5.2). Then for any character A satisfying ([£.12)),

3The formulas that one may obtain from the action of Hecke operators allow only to
reduce the content of T
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we have Mg \Ms|M and there exists a T € Hy(d(Mg \Ms)?, Ls; T°(Ny))
so that a(F,T) # 0. In particular, if Ls = 1, then a(F,T) # 0 for a

primaitive matriz T

Proof. This is a direct corollary from Theorem [4.3.1] If a(F,Ty) # 0
for some Ty € Hy(dM?, L;T°(N;)), then there exists a character A of
Hi(dM? L;T°(Ny)) that satisfies (£.12). By the remark from previous
section, it also follows that Be(H(L,M)) # 0. Let S be as stated above
and choose M’ = Mg, rMs. Then, as explained in the previous section, all
the conditions of Theorem hold. Now, because By, (h,(0,m;,)) # 0
for all p|M" outside S (where m;, := ord,M’), the left hand side of
is non-zero for L' = Ls. The hypothesis follows. m

If we choose S to be simply the set of all primes dividing N», then ¢,
is automatically optimal for all primes outside §. Furthermore, using the
argument of Corollary [1.3.1] it suffices to assume that F is an eigenform
of the local Hecke algebra at primes not dividing N,. Hence, we get the

following result:

Corollary 4.4.1. Let F' be a cuspidal Siegel modular form of degree 2,
level To(Ny, No) and weight k. Assume that F' is an eigenform of the local
Hecke algebra at all primes p 1 Ny. Suppose that a(F,Ty) # 0 for some
Ty € Ugr, Hi(dM?, L;TO(Ny)) (automatic if Ny = 1). Then a(F,T) # 0
for some T' such that cont T'|N5°.

Observe that in the case Ny = 1, this corollary is a special case of a
theorem due to Yamana [62]; the new case is N; > 1. Yamana’s theorem
and similar results (due to Zagier [63], Ibukiyama and Katsurada [18])
played a crucial role in theorems of Saha and Schmidt ([51], [52], [49]),
which concerned determination of Siegel modular forms of degree 2 by
fundamental Fourier coefficients. In the next chapter we provide more
information on this topic and emphasize the importance of non-vanishing
of a Fourier coefficient a(F,T") with content of T" smallest possible on the
example of paramodular forms. The proof will be carried out using classical
methods, but we hope to extend it in the future basing on the results in
this chapter.

The advantage of our proof, in comparison to the one given by Ya-
manalﬂ7 is a usage of representation-theoretical structure. Thanks to this,
Corollary may be improved or extended alongside the development

4Yamana generalised a method of Zagier [63], which based on the Taylor expansion
of the Fourier-Jacobi coefficients.
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in representation theory. A good example of this interplay is the following
result, which makes use of Theorems [2.3.1] [2.3.2] [2.3.3]

Corollary 4.4.2. Let I be a cuspidal Siegel modular form of degree 2,
weight k, level o(Ny, No) with Ny, Ny square-free. Suppose that the adeli-
sation of F' generates an irreducible automorphic representation w. Assume
also that F' is an eigenform of the U(p)-operator for all primes p|% and an
eigenform of the local Hecke algebra at p 1 Nﬂ. Suppose that F' has a non-
zero Fourier coefficient a(F,Ty) for some Ty € Hy(dM? L;T°(Ny)) and
A is such that holds. Assume moreover that none of the following
specific conditions holds at p|Ny:

o 7, is of type IVa, c¢(A,) =1, <%‘@> =1 and Ay(1,p) = o(w)

(c.f. Theorem ;

o m, is of type Ila, (%\@) =1 and Ay(1,p) = —w, = Ap(p, 1)

(c.f. Theorem[2.3.9).

Then F' has a non-vanishing primitive Fourier coefficient, i.e. a(F,T) # 0
for some matriz T with cont T = 1. Moreover, if M|Ny and we can choose
A so that ¢(A,) < 1 for all p|M, then F has a non-zero fundamental Fourier

coefficient.

Proof. This follows from a combination of Proposition and Theorems
2.3.1] [2.3.2] 2.3.3] which allow us to take S = 0. ]

The above results rely on a seed matrix Ty € Hy(dM?, L;T°(Ny)) such
that a(F,Ty) # 0. The question naturally arises: does such a Tj always

exist? In this context we present two results. The first one follows from

Corollary [3.2.1]

Proposition 4.4.2. Let F' # 0 be a cuspidal Siegel modular form of level
Lo(1, No), weight k. Then there exist a fundamental discriminant d and in-
tegers L, M such that a(F,Ty) # 0 for some matriz Ty € Hy(dM?, L;T°(1)).

The second one relies on a well-known construction called Siegelisation.

Definition 4.4.1. Fix positive integers Ny, Ny such that N;|N, and let F'
be a cuspidal Siegel modular form of level I'y(Ny, Ny), weight k. Define the

®As in Corollary |4.3.1} at primes p { Ny it is enough to assume that F is an eigenform
of the Hecke operators T'(p), T(p?); for the definition of the U(p)-operator see [52]. In
particular, the conditions on F' in Corollary [£.4.2imply that F is a newform in the sense
of [9].
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Siegelisation F” of F' to be the Siegel modular form of level ['y(1, N3) given
by

F= ) F|k<7 t7_1> . (4.13)
@)

’YGFO (N1 )\SLQ

Proposition 4.4.3. Let F' be a cuspidal Siegel modular form of weight k
and level T'g(Ny, N2), and F' its Siegelisation.

1. Suppose F is an eigenform for the Hecke algebra at some prime p,
p1 Ny. Then so is F'.

2. The adelisations of F' and F' generate the same automorphic repre-

sentation.

3. Assume that F' is an eigenform of the local Hecke algebra at all primes
p 1 No. Suppose a(F',T) # 0 for T € H(dM?, L';T°(1)). Then
a(F,Ty) # 0 for some Ty € H(dM?, L;T°(Ny)), where L = (L', N5°).

Proof. Let ®, ®’ be the adelisations of I, I respectively. By the definition
of the adelisation, it is clear that at each place p { Nj, the group
G(Q,) acts on ® and ¢’ in the same way. Hence the property of being
an eigenform for the local Hecke algebra at p 4 Nj is preserved by the
Siegelisation.

As we mentioned at the beginning of Section , F =), F;, where
each of F; generates an irreducible automorphic cuspidal representation ;.
Write m; = ®m;, and let ®; = ®¢;,, be the adelisation of F;. Denote by
F} the Siegelisation of Fj, @] = ®¢; , its adelisation, and let 7; be the cor-
responding automorphic representation. From a representation-theoretic

point of view, at each place p and for each 1,

v
Gip = > 7%(( . 1))¢i,pa
\SL2(Zy) v

YETO(p"PZy)

where n, = ord,Ni; so ¢, is a linear combination of the elements in the
/

4,p
irreducible representation 7;, and thus 7 = 7.

vector space of m;,. Hence for each ¢, 7 is a subrepresentation of an

To prove the last part of the proposition, we first express Fourier coef-

ficients of F” in terms of Fourier coefficients of F'. By the definition,

F(Z)y=" Y  F(yZ% =YY a(F, 5 'Ty e(tr(T2)),

~€TO(N1)\SL2(Z)
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and thus
a(F',\T) = a(F, WT7).
v€SL2(Z)/TO(N1)

Therefore, if F' # 0, then a(F, 5Ty) # 0 for some v € SLy(Z)/T°(Ny)
and T € P,. Moreover, because F’ is also an eigenform for the local
Hecke algebra at primes p t Ny, by Corollary we can guarantee that
cont T|N$°. Hence, because the content and discriminant of %7y are the
same as for 7', F' has a non-zero Fourier coefficient a(F, Tj) as stated in the

hypothesis. O]

Remark. An important assumption in the above proposition is that the
Siegelisation of a non-zero modular form is non-zero. However, thanks
to the second part of this proposition, we know that the associated au-
tomorphic representation stays the same. When Nj, Ny are square-free, a
necessary condition for the Siegelisation of a paramodular form to be non-
zero is that the dimension of the space of Py-fixed vectors is smaller or
equal to the dimension of the space of P;-fixed vectors for a fixed represen-
tation m, at each place p|N;. A quick look at Table [1f tells us that this is

not the case only if 7, is of type VIc for some p|N;.

4.5 Application to Maass relations

Classical Saito-Kurokawa lifts are the lifts from classical cusp forms f €
Séi)_z(SLQ(Z)) with k even to Siegel cusp forms F € S,EQ)(Sp4(Z)). It is
known (eg. [35]) that the space of these lifts consists precisely of the cusp

forms whose coefficients satisfy the so-called Maass relations:

a ac b
a(F, (b/2 bé 2)) = Y (l 21)) (4.14)
)

r| ged(a,b,c

However, the notion of a classical Saito-Kurokawa lift may be generalised
to a lift from a cusp form f € Séle(FO(N)) to F € S,(f)(F) for some
congruence subgroup I'. In fact, depending on a choice of generalisation,
one may obtain more than one lift from a single f € Sé?_Q(FO(N)) (cf. [54]).
In any case, the automorphic representations containing the corresponding
vectors are nearly equivalent, i.e. the local components are equivalent at
almost every place; they are nearly equivalent to a constituent of a global
induced representation of a proper parabolic subgroup of G(A), and are

called CAP (cuspidal associated to parabolic) representations.
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The natural question arises: do the coefficients of the generalised lifts
also satisfy a version of Maass relations? We are going to show that the
answer is YES.

Let m, @, F be as in Section that is F' is a cuspidal Siegel mod-
ular form invariant under the action of I'g(Ny, N2) that is an eigenform
of the local Hecke algebra at primes p f Ny and that gives rise to an ir-
reducible automorphic representation 7. Suppose that for primes p f Ny,
Tp = XplaL) X x, " with an unramified character x, of Q) (a representa-
tion of type IIb according to Table . Note that these are non-tempered,
non-generic representations. The set of m obtained in this way is precisely
the set of CAP representations attached to the Siegel parabolic subgroup
of G(A) (cf. [9]).

Lemma 4.5.1. For representation ™ as above, any vector o = ®pq~5p m
the vector space V. of m and any non-degenerate matriz S € My (Q), we

have:

Dg(tg) = Ps(g) forall ge G(A) and tc H Ts(Q,) H Iy.

PIN2 p|N2

Proof. Let ® = ®,¢, be as in the lemma, and let S = {p : p|No}. Without
loss of generality we may assume g = 1,. Let VS be the subspace of V,
generated by all vectors of the form ®p€5gz~5p @pgs ¥p with 1, € V. The
right action of ®,¢sG(Q,) on VS makes V° a representation isomorphic

to @pgsm,. Define
B:VS - C,  B(Y):=Tg(1) = / W (u)fs* (u)du .
U(Q)\U(A)

Note that S(m(t)¥) = Wg(t). We need to show that S(x(t)®) = B(P) for
all t € [],457(Qp). This is trivial if #=0. So assume 8 # 0. Let

D' = @pesdy ®pgs ¢, besuch that  B(P') #0.
For each p ¢ S we get a functional 3, on V, via

Bo(thy) = Bt Rges by Rygsupy B) -

Then f,(¢,) # 0 and thus 3, is a non-zero functional on V. Clearly, 3,

satisfies

By(mp(u)thy) = Os(w)By(1hp) for all 1, € V; and u € U(Qp)
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By Corollary 4.2 of |37], the matrix S satisfies the conditions of Lemma
4.1, [35], and therefore by this lemma

e the space of such functionals 3, is one-dimensional,

o Bp(mp(t)hy) = By(ahy) for all ¢, € Vi and t € T(Q,).

So there exists a constant C's such that

B(w) = Cs [ Bo(e)

¢S

whenever W € VS corresponds to ®pcsd, Rpets Uy Hence B(m(t)®) = B(D)

for all t € [ 45 T(Qp)-
[

Lemma 4.5.2. Let F, Ny be as above, S = S(d), and L, M any positive
integers. Then for any ci,cy € Cly(M Ny),

alF, L (M) Se (M) = a(F, L(M ) S, (M)

Proof. Let {t.}. be a set of representatives of Cly(MN;). We may choose
t. so that t., = 15 for all p|Ny. Indeed, if £ € T(Q) is such that ¢, = t.,
for all p| Ny, then ¢, = pr|N2 L [Ty, t 1tcp. From the proofs of Theorem
[4.2.1) and [4.3.1] and using their notation, we get

1
o(FLL (M ) S () = (EMFEmS T [ (et dr
RX\T(R)

where
®¢L,A4(C)(H;lmctm) = CDS(tCtOOH(La M)) Lommall5 (I)S(tooH<La M))
does not depend on c. O

Hence, it makes sense to write a(F; dM?, L) for any Fourier coefficient
of F that is of the form a(F, L (M ;)S.(M ,)) for some ¢ € Cly(MNy), or
in another words, for a(F,T) with T' € H,(dM?, L; T°(Ny)).

The following theorem generalises Theorem 5.1, [35] to cuspidal Siegel
modular forms of level I'y(/N1, No) with Ny > 1.

Theorem 4.5.1. Let F be as above and S = {p : p|N2}. For any funda-

mental discriminant d and any positive integers L, M, Fourier coefficients
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of F' satisfy the following Maass relations:

) - LM\
a(F;dM*, L) = E " ra(Fd - ,Ls) . (4.15)
S
r|L
ged(r,N2)=1

Hence, if

a b/2) I M < M
b/2 ¢ | 1) 1
for some ¢ € Cly(MNy),

a b/2 1 ac . b
F, — F, L (rLs)? 2rLs ’
al (b/2 ¢ )) 2 il 3( e )

r|ged(a,b,c) 2rLs
ged(r,N2)=1

where Ls = (ged(a, b, ¢), N$°).

Proof. Recall Corollary [4.3.1] If we take A to be a trivial characteiffin the
formula (4.11)), and M’ = Mg, L' = Lg,

LM \*
a(F;dM?, L) = (L3M3> a(F:dM2, L) H By, (hy(lp,my))
p|LM

¢S

where [, = ord,L, m, = ord,M. Similarly, for any divisor r of L,

LM\ LM \* )
a(F;d (E) ,Ls) = (TLsMs) a(F;dMg, Ls) |£/[[/B¢p(hp(0, Ly+m,—ry)) .
p r

p¢S

Note that the last product can actually be taken over primes p|LM that
are not in S. Indeed, in the product over p|LM/r,p ¢ S we miss only those

elements for which r, = [, and m,, = 0. But in this case By, (h, (0,1, +m, —
rp)) = By, (hy(0,0)) =1 by Theoremm
Moreover, it is known ([35], Theorem 2.1) that the spherical vectors of

the representations of type IIb satisfy the equation

B,(h(l,m)) = Zp*in(h(o, l+m—1i))

5Tt makes sense to take A = 1, because the local representations that we consider
here have a unique local Bessel model (cf. Table , and for this Bessel model A, = 1.
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for all [, m > 0. Hence, the equation (4.15)) holds if and only if

I D B, (hp(0, 0, +my — i) = > % L1 B, (70,0, +my —13)).

p|LM =0 r|L/Ls  p|LM
pg¢S ¢S
which is true. O

Corollary 4.5.1. Let ', N1, Ny be as above. For any matrix T =L (,;2 bf)

such that (%) = —1 for every p|Ny, and L|NS°,

a b/2 - k—1 %%
a(F,L(b/2 C))_ oo a(F,L(il>).

r| ged(a,b,c) 2r
ged(r,N2)=1

Remark. One of the main differences between the classical Maass relations
and the Maass relations is that the coefficients a(F,T) on the
right hand side of the first equality have the matrix T of content 1, and in
particular, the (2,2)-entry of T equals 1. In general, Saito-Kurokawa lifts
do not enjoy this property. Indeed, there exist paramodular forms that are
Saito-Kurokawa lifts ([54]), but all their Fourier coefficients a(F,T’) have
the (2,2)-entry of T" divisible by N (cf. Section [5.1.1). Even though our
result does not apply to paramodular forms (as representations of type IIb
are not generic), we treat this fact as an indication that a further study
of Fourier coefficients of Siegel modular forms of higher levels might be

necessary to distinguish the cases where our result could be improved.
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Chapter 5
Paramodular forms

In this chapter we present a result concerning non-vanishing of fundamental
Fourier coefficients of certain paramodular forms. This result, together
with the consecutive steps of its proof and limitations of classical methods,
encouraged us to look from a broader point of view and inspired works on
relations between Fourier coefficients, which we carried out in Chapter
However, it turns out that the main relation for Siegel modular
forms that we obtained in Chapter 4| do not capture any primitive coeffi-
cient of paramodular forms. It is because, as we explain below, the matrices
occurring in the Fourier expansion of paramodular forms always have the
(2,2)-entry divisible by the level, whereas the relation (4.10|) concerns only
those whose (2,2)-entry is coprime to the level (cf. Section [3.3)). This

situation makes our main theorem of this chapter even more important.

The main objects of this chapter are paramodular forms and their
Fourier coefficients. Nevertheless, especially in the first two sections, we
refer to the objects that may be defined for other Siegel modular forms
as well. We also provide historical background and motivation for our

research.

5.1 Preliminaries

5.1.1 Paramodular forms and Jacobi forms
A holomorphic function F': Hs — C defined on the Siegel upper half-space
Hy = {X +1Y : X, Y € My(R) symmetric, Y positive definite}
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is a paramodular form of weight k and level N if
Flyv(Z)=F(Z) forany e I™*(N)
according to the action (4.8)), where

Z NZ 7 Z

Z 7 7 ZJN

Z NZ 7 Z
NZ NZ NZ Z

[P(N) == Spy(Q) N

We are only interested in the case when F'is a cusp form, that is, F’ vanishes
at all the cusps of the group I'™*(N); we denote this set by S,?)(Fp“a(N ).
All Siegel modular forms that we encountered in Chapter [4] i.e. that are
associated to irreducible automorphic cuspidal representations of G(A), are

cusp forms. As we saw, they have a unique Fourier expansion

F(Z)= Y a(FT)e(tr(TZ)). (5.1)

T="7TT>0
half-integral

Moreover, it is easy to see that the Fourier coefficients a(F,T) satisfy

a(F,'"ATA) = a(F,T) for all A€ T°(N). (5.2)

2
If we expand (5.1)) in terms of Z = ) andr = " r/ , we
z 7 r/2 m
obtain a Fourier-Jacobi expansion of F',

F(Z)= Z a(F, (772 rf))e(nT)e(rz)e(mT’) = Z Om(T, 2)e(mT’),

m>0 m>0
Anm—r2>0

where ¢, is a Jacobi form of weight £ and index m. Jacobi forms of
weight k, index m and level I' C SLy(Z), denoted Jy ., (I") (or Ji,m(N) if
[ = T4(N)), are invariant under the action of ' x Z? as described in [12].
Actually, the group that acts on the space of Jacobi forms is a Jacobi group

GLy(R) x Hg, where Hg is the Heisenberg group which is R? X R as a set.

Remark. The Jacobi group embeds into GSp,(R) via

a b 1 1Y b
<g,<<A,u>,m>>M<cdetgd )(Alqg),whereg=<“ )
1 1 cd
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The image of this map acts on the space M,EQ)(F@)) for any congruence
subgroup I'® of Sp,(Z), and agrees with the action of the Jacobi group.
Hence, it is easy to see that if I' = I™*(N), then each Fourier-Jacobi
coefficient ¢,, is a Jacobi form of level 1. Moreover, one can also show that
for paramodular forms of level N, ¢, # 0 only if N|m. In other words,

a(F,( n ”"/2)> £0, FeSPT=(N) =  Nm.

r/2 m

This follows from the definition of F' and comparing the coefficients in the

equality

F(Z)=F(Z+("yn)) = 3 alF (12 )emme(rz)e(mrye(m/N).

m>0
dnm—r2>0
In consequence, the relation (4.3.1)) misses all the primitive coefficients of
paramodular forms. It is because the set Hy(dM? 1;T°(N)) that would
occur in the summand for paramodular forms of level N, consists only of

the elements that have the (2,2)-entry coprime to N, as we explained in

Lemma B.3.11

5.1.2 Modular forms of half-integral weight

Modular forms of half-integral weight are holomorphic functions defined
on the complex upper half plane H; that are holomorphic at cusps and
are invariant under the action of congruence subgroups of I'g(4) in a sense
similar to , but with k& € %Z. However, if we left it without any change,
the space of such functions would be zero for any congruence subgroup of
SLy(Z); see for example [23]. Hence we choose the square root having
argument in (—7/2,7/2] and change the automorphy factor (cz + d)* to
the k-th power of (—1)“@=V/2 (£) \/cz +d in case ¢ # 0. We denote the
space of modular forms of weight k and level T'q(4N) by M, ,gl) (4N), and the
subset of cusp forms by S,gl)(élN ).

We recall now a few useful facts. Let ¢,,(7,2) € Jin(I') be a Jacobi
form coming from a Fourier-Jacobi expansion as above. It can also be

written as

Om(r2) = Y hu(r) ) e(%f) e(rz),

0<p<2m re€Z
r=p (mod 2m)

INB., (-1)4=1/2 () ez + d = 0(72)/0(2) for v € T'y(4).
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where

D+p? | /9 D
= 3 a<F,< - )>e (527)
o w/2 m m
D=—p2 (mod 4m)

Dy /
Note that the matrix 4m has a discriminant —D.
p/2 m

Theorem 5.1.1 (Eichler, Zagier; [12]). Consider a map that to a Jacobi
form ¢ (7,2) € Jpm(1) attaches a function h(T) := 3 o, op hu(4mT).
Then h € Mlgl_)l/2(4m). Moreover, if m is prime and k even, such map is an
isomorphism onto the space M,i?i%@m) of modular forms in Mé?1/2(4m)
whose D-th Fourier coefficient is zero for all D with (%) = —1.

This theorem was extended by Manickam and Ramakrishnan in [29]
to Jacobi cusp forms of level I'y(/NV) and even weight. They constructed
a linear map J;',"(N) — S,(Cl_)l Jo(4mN) that commutes with the action of
Hecke operators.

Theorem 5.1.1|gives us a tool to construct modular forms of half-integral
weight out of Fourier-Jacobi expansion of paramodular forms; and, accord-
ing to the remark above, we can use for this purpose any Jacobi form
occurring in the expansion. The next theorem gives us an insight into
the nature of Fourier coefficients of modular forms of half-integral weight.
Because the coefficients a(h,,n) of the h, constructed above are defined
in terms of the Fourier coefficients of a Siegel modular form, two theo-
rems below will be crucial in our investigations of the Fourier coefficients
of paramodular forms. The second one is especially important as it will
allow us to reach the paramodular forms that occur in the statement of the

paramodular conjecture.

Theorem 5.1.2 (Saha; [49]). Let k > 2 and let N be a square-free integer.

Suppose that [ € S,il)

{1/2(4N) is non-zero. Then, one has the lower bound

#{0 < D < X : D square-free, a(f, D) # 0} >;5 X°

where § > 0 is an absolute constant (any value of § < 5/8 is admissible).

In particular, there are infinitely many square-free integers D such that

a(f. D) #0.

Theorem 5.1.3 (Li; [27]). Let N be an odd and square-free integer and
0# f € S§}£(4N).Then for any finite set of primes S, there are infinitely
many square-free integers D satisfying a(f, D) # 0 and ged(D,1) = 1 for
alll € S.
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Remark. If a modular form f is twisted by a character, one can slightly
weaken the assumption about N in two theorems above (cf. [51], [27]). In

any case, [N cannot be divisible by cubes.

5.1.3 Hecke operators

As in the theory of classical modular forms, one can define Hecke operators
on the space of Siegel modular forms of degree 2 ([1]). The ones of special

/! . I para 1 I para

and

iy =t (2, )1

p

for p4 N, and
1
U =t ()T
p

for p | N. They act on the space of Siegel modular forms of degree 2
according to the following rule. If I»*(NN)aI™*(N) = [[, I™*(N); is a

coset, decomposition, then

F|k1—‘Para<N)a1"Para(N) _ F’k HF“‘”(N)O@ = ZF\kai?

where the action F|zq; is as in . We will write down the action of the
operators U(p) and T(p) + T(p?) explicitly in Section [4.4]

We say that F' € ['™*(N) is a Hecke eigenform if it is an eigenform of
the operators T'(p), T(p?) for all pt N and U(p) for all p|N.

Another useful operator is the Fricke involution

It normalizes T™*(N), and since u3 = —14, the space S,Ez)(Fpara(N))
decomposes into uy-eigenspaces S,ﬁz)(rmra(]\f ))* with eigenvalues +1. If
F uny =¢€F for F € S,?)(FPM(N)), then the Fourier coefficients of F' pos-

k
sess the symmetry

alF, (702 )) = eal P (50 ). (5.3)

2Note the resmblence of these operators to the ones introduced in Theorem m
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5.1.4 Newforms and oldforms

There are a few attempts to define a newform theory for Siegel modular
forms of degree n greater than 1. In the classical case (n = 1), Atkin and
Lehner [3] described the space of newforms as the orthogonal Complemen‘ﬂ
of the space of oldforms, which consists of modular forms that are obtained
from modular forms of lower level by the action of the U(p) operators for
p|N. Already when n = 2 the situation is more complicated as these two

sets are completely different.

Ibukiyama and Katsurada [18] followed the classical Atkin-Lehner the-
ory and for FgQ)(N ) defined a space of newforms as the orthogonal comple-

ment of

span{F(dZ) : F(Z) € S (T{? (M), dM|N, M # N} € SP (TP (N)),
(5.4)
so that the space ([5.4)) is the image of the U(d) operators on S}gz) (FE)Z)(M))
with dM|N. However, it is not clear why this space should be favoured as

the space of newforms.

Roberts and Schmidt [45] gave a local picture on this subject in case of
[re2(N). Instead of looking at the description of the classical newforms by
the Fourier coefficients, they focused on their characterisation as certain
vectors in the space of representations of GLy(F') over a local field F. In
this language the classical oldforms are obtained from the newforms by
applying two level raising Hecke operators and taking linear combinations
of those. In analogy to this characterisation where, in particular, the space
of newforms of a fixed level is one-dimensional, they created a theory of the
local newforms, in which the oldforms arise as an effect of applying three
level raising Hecke operators and taking linear combinations. We should
mention here that if a paramodular form is a newform in this sense, then

it is an eigenfunction of the operators T'(p), T'(p?), U(p) and py.

3The orthogonal complement is taken with respect to Petersson inner product. Given

F,.GeS ,in)(F) for some congruence subgroup I' of Sp,,,(Z), their Petersson inner prod-
uct is defined to be

(F.G)i= —

= F(Z)G(Z)det YF"1dXdY .
S Joy PP
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5.2 History and motivation

One of the most basic questions one might ask about Siegel modular forms
is their determination by Fourier coefficients. As we mentioned in the in-
troduction, we are not so much interested in the smallest subset of such
coefficients, but rather in a set that might be also interesting from theoret-
ical point of view.

Many results on this topic has resembled the fact that a classical cusp-

idal Hecke eigenform

F(2) =" a(f,n)e € SV (SLy(Z))

n=1

is determined by the set

{a(f, 1)} U{a(f,p) : p prime} .

If
F(Z)=Y" a(F,T)e*" %) ¢ $(Sp,,(Z)),
TEP,

the analogous condition on the n x n matrices T" might be
{a(F,T) : disc T square-free} .

What conditions would we need to put on F' so that this could be true?
There are several results that concern Hecke eigenforms of full level (cf.
introduction to [62]). However, none of them goes beyond simplifying the
content of T'. Therefore it is worth to note a result due to Zagier [63], which
states that every non-zero Siegel modular form F of level Sp,(Z) is deter-
mined by its primitive Fourier coefficients, i.e. by {a(F,T):contT = 1}.
Many years later it was generalised by Yamana both to higher levels and

higher degree:

Theorem 5.2.1 (Yamana,; [62]). Let F' be a Siegel modular form of degree
n > 2, weight k > 1/2 and level F((]")(N). Assume that a(F,T) = 0 for all
T € P, such that cont T|N. Then F = 0.

This theorem was used by Ibukiyama and Katsurada [18] who under
an additional assumption that F' is in a newspace simplified the set deter-
mining F' to {a(F,T) : contT = 1}. At the same time they showed that
in order to be able to state such a result, the additional assumption was

necessary.
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Another breakthrough was a theorem of Saha [51] who showed, us-
ing Zagier’s theorem, that non-zero cuspidal Siegel modular forms of level
Sp4(Z) are determined by their fundamental Fourier coefficients. Under
additional assumptions and slight modifications of the proof, Saha and

Schmidt obtained a couple of results for modular forms of higher levels.

Theorem 5.2.2 (Saha, Schmidt, [52]; Saha, [49]). Let F be a non-zero
cuspidal Siegel modular form of level FéQ)(N) with N square-free, and even
weight k > 2. Assume that one of the following conditions holds.

1. F is an eigenfunction for the U(p) operator for all primes p|N.
2. F s in a new space.

Then, for any 0 < 6 < 5/8, one has the lower bound
{0 < D < X : D square-free, Ip(a(F,T) # 0,disc T = —D}| >ps X°.

In particular, F' has infinitely many non-zero fundamental Fourier coeffi-

cients.

The proofs of both statements are very similar, and the difference in
the assumptions comes from the fact that the first one uses Yamana’s the-
orem, and the second one the theorem due to Ibukiyama and Katsurada.
These assumptions assure the existence of a non-zero primitive Fourier co-
efficient, and thus non-vanishing of a Fourier-Jacobi coefficient of a prime
index. This in turn allows to construct a non-zero modular form of half-
integral weight that satisfies the conditions of Theorem m (Theorem
m was not known then), and eventually implies non-vanishing of fun-
damental Fourier coefficients. Here very helpful are the theorems due to
Eichler, Zagier and Manickam, Ramakrishnan mentioned in Section [5.1.2]
which guarantee that the constructed function is indeed a modular form of
half-integral weight of the prescribed level. The lack of these or non-square-
free index of a Jacobi form make it very hard to use the key Theorem [5.1.2
for this method.

In the case of paramodular forms of level N it is always the case that
the index of Fourier-Jacobi coefficients is divisible by N. Hence, unless a
paramodular form is twisted by a suitable character and N is not divisible
by cubes (cf. Theorem [5.1.1] and the remark below them), it seems
impossible to take this approach. On the other hand, there is no Yamana-
like result in this situation, that is, there is no result that ensures the
existence of a(F,T) # 0 with the content of T" divisible by at most finitely
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many fixed prime numbers. Nevertheless, under an additional assumption
that a paramodular form F' of square-free level is an eigenform of certain
Hecke operators, we prove in the next section that F' has infinitely many

non-zero fundamental Fourier coefficients.

5.3 Non-vanishing of fundamental Fourier

coefficients

We state first our main theorem.

Theorem 5.3.1. Let 0 # F € S,(€2)(F”“"“(N)), with k > 2 even and N
square-free, be an eigenfunction of the operators T(p) + T(p*) for primes
pt N, Ulp) forp | N and uy. Then F has infinitely many nonzero

fundamental Fourier coefficients.

Remark. In particular, Theorem holds for paramodular newforms.

The proof follows the strategy discussed at the end of the previous
section. First we prove that F' has a non-zero primitive Fourier coefficient.

Then we construct a modular form of half-integral weight and use Theorems

EIZ[B.13

Remark. As we noted at the end of Section the information on exis-
tence of a non-zero primitive Fourier coefficient cannot be obtained from
Theorem as the coefficients a(F, T) that occur there are supported on
Ud,M,L H(dM?,L;T°(N)). In some cases one may Siegelise a paramodular
form (cf. Definition and propositions below) and be able to use e.g.
Yamana’s theorem. However, this relies on the assumption that Siegelisa-

tion gives a non-zero Siegel modular form, which is not always the case (cf.
Remark at the end of Section [4.4)).

Lemma 5.3.1. Let F' € 5,22)(FPGT“(N)) be a nonzero paramodular form
and p||N be a prime. If F is an eigenform of the U(p) operator with an
eigenvalue X\, then the coefficients of F' satisfy the following equality:

a =p kg Fa 1 .
Ma(F,T)=p (E,pT)+p (F,pT) (5.5)
(s () (7 )

p\ =NB p L p

. 1 1 b 1
oo (e (1))
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(if pln) +<—1)Pbezz/pza(F’{o(—bN —1>T< -1 ))
| L[ ap 1 ap. —NB
(if p|r) +p“<F’§<—N6 p>T< 1 p >>7

where T = ( n /2 ), and o, 8 € Z are such that ap®*+ BN = p. (We take

r/2 mN

the convention a (F, }lo X) =0, if p{cont (X).)

Proof. Lemma 6.1.2 of [45] gives coset representatives at the place p of the
double coset defining the operator U (p) /]

1 1 a b
P02<12p[2)P02: H P02( 1pp>< 111”/73)
a,b,ceZ/pZ

1
p 1
L H P02< 11 > <—a11cép>
a,c€Z/pZ P 1

11 1 ab 1 T
o It ) (E) ()
p 1 —p

a,b€Z/pZ

1 1
In fact, we can exchange a matrix ( 1 1/p) above by ( L UN),
—p -N

and that will give us the same coset representatives. Moreover, at the
place ¢ # p, Py (I2 pb) Pys = Poys, so using Chinese remainder theorem,

we can choose:

Fpara(N) (12 ol ) Fpara(N)

() ()

a,b,c€Z/pZ

() ()

a,c€EZ/pZ

()

a,beZ/pZ

() () (o)

a€Z/pZ

Using the invariance of F' under the action of the paramodular group

4The coset representatives obtained in [45] are adjusted to our (classical) definition
of PQQ.
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I»r2(N), the coset representatives of [***(N) (2 o, ) T7*(N) act on F in
the following way (unless stated otherwise, a matrix 7" occurring in the

summand is of the form (T% M ) ):

P [T e () ()@

a,b,c€Z/pZ 1

S AN CAHITES)

a,b,c€Z/pZ p p

(e () () (2):(22)

a,b,c€Z/pZ

— p k3 ZT: a(F,T)e (tr (%TZ))

p|n’m’r

= phe ; a(F,pT)e(tr (TZ)),

p 0 1, .
:a,CGZMZF(((‘“)Z*( )3 C)
:ZT:a(F,T %:,, e(tr <%(P1G)T(fa1)z)>

97 ()
(

L,
tayr }Lp)> e(tr (T'2)),

)
Y e (tr
c€Z/pZ

=), D a

‘T a€Z/pZ

P

p

1

F—
p

S
F|k H Fpara(N)

(0
(2
et ) (ME) ()@
- (L) ()@
- > (m(7))o
1>’Zbezz/Z;a<F,T>e(tr(<_sN_1>1T((1fi¥)2+<ao>>))
1)’;;Z2T:a(F,T
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L () () ()

a€Z/pZ
g 1/N
SR ( o ) (2).

p
_ A, ( ﬂN) (2)+
—pN a€(Z/pZ)* —rN

Before we can proceed further, we should investigate the case a # 0. We
want to construct a matrix g € I'"*(N) so that if we substitute F|g in
place of F|j and consider the action of the above coset representative, we
will obtain a Siegel parabolic matrixﬂ Let @ := a ' mod pand o,3 € Z
such that ap® + BN = p (the existence of «, 3 follows from the assumption
that p® t N), and put

1 —pa  Blaa—1)/p
g = (aa—1)/p a —a/N
. aN/p N ap —aa

Na Np —Np Npa/p

One can easily check that g € I'™*(N). Now that

p p NB —pa
—a I/N | | -1 ap a/N
g —aN 1 ap ’
—pN -NB p

we are ready to determine the action of the coset representatives of the last

type on F'. Namely, the terms above can be written as:

() 5 (s )

(Z/pZ) —pN

a2 )@+ X m ( ", 64N> 2)

a€(Z/pZ)* N8

' Fe2)+ > F((AN) 2+ () (S0) ) (2)

a€(Z/pZ)*

P Eez)+ Y el e (u (%07 (1) 2))

ac(z/pZ)x T
a( n r/2 -8 -1
~e(tr (]; (r/QmN)( 1/N)<]\]7?[3ap)>)

®One can easily check that such a matrix g does not exist if p?| V.
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=P FpZ) + Y a(F. e (w (S40) ' T (24 030) 7))

+Y Y e <a—m) a (F% (e )T (o —;,Vﬁ)) e(tr (TZ)).

Hence, because F'|,U(p) = AF, we obtain the equality

Na(F,T) =p " 3a(F,pT) + p*a (F, % T)

N

p\ =NB p L p

1 10 1

(olm)  +p (F—( >T( )

be%%z p p b p

. _1\k 1 p p —ON
(if pln)  +(=1) pbg/;za<F,p<_bN _1>T< . ))

) 1 ap 1 ap —Np
(if p|r) +pa<F,]—9<_Nﬁ p)T< ) ) )),

where «, 3 € Z are such that ap? + BN = p. H

Thanks to Lemma we will be able to prove that F' has a non-zero
coefficient a(F,T) with ged(cont T, N) = 1. To get a non-zero primitive
Fourier coefficient, we need to investigate the action of Hecke operators at

p 1 N. It turns out that the following result due to Evdokimov will be

enough

Proposition 5.3.2 (Evdokimov; [13]). Let ' € 522)(FW“(N)). Assume
that F|,T(p) + T(p*) = AF. Then, using the notation of [15], the Fourier
coefficients of F' satisfy the relation

Xa(F,T) = a(F,pT) + p*3a (F %T) (5.6)

SEvdokimov considered Siegel modular forms with respect to principal congruence
subgroup, but the Hecke algebras coincide at primes not dividing .
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Lemma 5.3.3. Let F' € S,?)(FF“T“(N)) be a nonzero paramodular form of
square-free level N that is an eigenform of the operators T (p) + T (p?) and
U(p) for all primes p. Then there exists a primitive matriz S for which
a(F,S) #0.

Proof. This follows from close observation of behaviour of Fourier coeffi-
cients under the action of operators U(p) and T'(p) + T'(p?), relations
and (5.6). Let A be the set of matrices S such that a(F,S) # 0. Let S’
be the matrix in A whose discriminant is smallest. We claim that S’ is
primitive. If not, say p | cont S and S = pT, then, using the relations
(5.5) and , we can find another matrix S” € A whose discriminant is
smaller than disc.S’. Indeed, note that every coefficient occurring in (5.5))
and , except a(F,pT), has a discriminant that divides disc7T. This

leads to a contradiction. OJ

Now, having established the existence of a primitive matrix S for which
a(F,S) # 0, we can move to the second part of the proof of Theorem [5.3.1]

Lemma 5.3.4. Let F € S,(CQ)(FT”"”'(N)) be an eigenfunction of the operator
puy. Assume that there is a primitive matriz S = (;}2 ]T\,/i) such that
a(F,S) # 0. Then there exists an odd prime p not dividing N for which

¢Np 7£ 0.

Proof. We will use the properties (5.2) and (5.3) of Fourier coefficients
listed above. Let

S’ ::< " —7"/2) and A:= (CLNC> cI'(N).
—r/2 Nn b d

a(F,'AS’A) = a(F,S") = ea(F,S) #0

Then

and the right bottom entry of AS''A is N(c?Nm — cdr + d?n). Because
ged(n,r, Nm) = 1, the form ¢2Nm — cdr + d*n represents infinitely many
primes ([61]). Let ¢, d € Z be such that we obtain an odd prime p not
dividing N. Then gcd(cN,d) = 1, so we can find a,b so that A € SLy(Z).
Hence, ¢n, # 0. O

After all that preparation, the proof of Theorem [5.3.1] will be very short:
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Proof. We know from Lemma|5.3.3]and [5.3.4] that there exists an odd prime
p1 N such that ¢y, # 0. Define

00 D+r2 T’/2 [e]
hr) =Y > a (F ( ;J/VZ N e(Dr) = a(h, D)e(Dr).
D=1  0<r<2Np p D=1
r2=—D(mod 4Np)

By Theorem [5.1.1, 0 # h € Mjy_1/2(4Np). Hence, by Lemma and
Theorems there are infinitely many square-free D for which

r2
a(h, D) # 0. For each such D there exists r such that a (F, < ’Z% ZV/Q)> # 0.
T p
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